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Hyperbolic space (or geometry), a type of non-Euclidean geometry, is characterized by a constant
negative curvature. Unlike in Euclidean geometry, the parallel postulate does not hold in hyperbolic
geometry, leading to unique properties such as the divergence of parallel lines and exponential area growth
[1]. Milnor [2] provided a historical overview of hyperbolic geometry’s evolution for the first 150 Years,
emphasizing the revolutionary shift it caused in mathematical thought. Stillwell [3] explored the
mathematical and philosophical challenges that shaped its early development, where hyperbolic geometry
was overlooked in favor of Euclidean and spherical geometries. Iversen [4] delved into the classification
of complete hyperbolic surfaces and the uniqueness of hyperbolic planes. Reynolds [5] discussed the
hyperboloid model, emphasizing its connections to Minkowski space. Krioukov et al. [6] pointed out that
hyperbolic geometry underpins many large-scale networks, providing insights into their hierarchical
structures and scalability. In the literature [7]-[10] various kinds of spaces are available, which are
summarized below:

1. INTRODUCTION

e  Hyperbolic space (Poincaré disk model): A non-Euclidean space with constant negative curvature,
where geodesics are represented as arcs of circles orthogonal to the disk boundary.

e  Curvature and manifold space: A mathematical space characterized by varying curvature, often
modeled as smooth manifolds with applications in differential geometry.

e Thomas space: A relativistic space influenced by Thomas precession, highlighting rotational effects
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in special relativity.

Hilbert space: An infinite-dimensional vector space equipped with an inner product, foundational
in quantum mechanics and functional analysis.

Mobius gyrovector space (gyrovector space): A mathematical structure that extends vector
addition in hyperbolic geometry, enabling efficient modeling of relativistic velocity addition.
Einstein gyrovector space: A variant of gyrovector space derived from Einstein's theory of
relativity, emphasizing relativistic transformations.

Banach space (analytical space): A complete normed vector space, widely applied in functional
analysis for solving differential and integral equations.

Complex space: A vector space over the field of complex numbers, foundational in quantum
physics and signal processing.

Matrix space (topological space): A space of matrices, often studied with topological structures,
enabling analysis of continuity and convergence properties.

Riemann matrix space: A space of matrices equipped with a Riemannian metric, facilitating
applications in geometry and optimization.

Inner product space: A vector space with an inner product, enabling definitions of angle and length,
generalizing Euclidean concepts.

Vector space: A fundamental algebraic structure consisting of vectors, closed under addition and
scalar multiplication.

Euclidean space: The classical geometry of flat, n-dimensional space, governed by Euclidean
axioms and familiar in physical and geometric contexts.

Ambiguous space
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Miibius gyvrovector space/Gyrovector space

Matrix space/Topological space
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Vector space

Euclidean space
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Riemann matrix space

Complex Space
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Figure 1. Various types of spaces ranging from fundamental Euclidean and vector spaces to
advanced structures such as hyperbolic spaces, Hilbert spaces, and gyrovector spaces. These
spaces encompass diverse geometrical, algebraic, and analytical properties with applications
across mathematics and physics.

This study introduces ambiguous space, a generalized space that includes uncertain or imprecise

definitions and classifications, often used in contexts requiring multiple membership degrees or
ambiguous boundaries. All these spaces, including the ambiguous space, are illustrated in Fig. 1,
along with their evaluations.

This article is organized as follows. Section 2 discusses the properties and mathematical foundation

of hyperbolic space. Section 3 explains the concept of gyrovector space, its operations, and its relation
with hyperbolic space. Section 4 defines ambiguous sets and their membership degrees. Section 5
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introduces the concept of ambiguous space, its properties, and operations such as addition,
multiplication, and scalar multiplication. Section 6 focuses on a specific application of ambiguous
space in customer segmentation. Finally, section 7 summarizes the key findings from the article and
suggests areas for future research.

1. HYPERBOLIC SPACE
The 2-dimensional hyperbolic space, denoted by H2, is known as the hyperbolic plane [11]-[18]. It
is defined by:

Definition 1 (Hyperbolic space). The hyperbolic space of dimension N is a uniquely defined, simply
connected N -dimensional Riemannian manifold with a constant sectional curvature of —1. The
uniqueness means that any two Riemannian manifolds that satisfy these properties are isometric. This
is a consequence of the Killing-Hopf theorem. The following are the properties of hyperbolic space:
a) Hyperbolic geometry has negative constant curvature.
b) Hyperbolic geometry allows parallel lines to intersect.
c) These two properties together allow hyperbolic geometry to be larger than Euclidean geometry.
d) The distance from the origin grows exponentially as we approach the outer disk.

Here is a numerical example of hyperbolic geometry in two-dimensional space, represented using
the Poincaré disk model, a common model of 2-dimensional hyperbolic space. Example 1. Consider a
poine P in the 2-dimensional hyperbolic space H? represented by the Poincaré disk. This disk consists
of all points inside the unit circle in R?, where the distance between points is measured differently
from the Euclidean distance. The hyperbolic distance di(P1, P>) between two points P; = (xi1, y1)
and P> = (x2, y2) in the Poincaré disk is given by the formula:

d (P P) _ |21_ZZ|2
n(Py, Py)arcosh = (1 +—) (1)

2(1-1211)(1—|22|?)

where, z; =x; + iy; and z; = x; + iy, are complex representations of the points P; and P». Consider
two points in the Poincaré disk model of H?

Py = (0,0),P, = (5,0) 2
The hyperbolic distance di(P), P2) between these points is given by the formula:

_ |z1 -2/
dy (P, Py)arcosh = (1 +—2(1_|21|2)(1_|22|2)) 3)

where, z; = 0 + i0 and z, = % + i0 are the complex representations of the points. Now,
calculate the Euclidean distance between P; and P»:

-zl = o3| = (5)" =} @

Now, compute the denominators:

2
1—1z12=1-02=1,1—|z|*= _G) =1_§=§ )
Thus, the hyperbolic distance is:
1
— 4 _ l _ Z
dn(Py,Py) = arcosh (1 + 2><1><%> = arcosh (1 + 6) = arcosh (6) (6)

Using the inverse hyperbolic cosine function :
d, (P, P,) ~ 0,4263 (7

This is the hyperbolic distance between P; and P, in the Poincaré disk model. The points P; = (0,
0) and P> =§, O are represented in the unit disk, where the Euclidean distance would be %, but the

hyperbolic distance is larger due to the curvature of the space.
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2. GYROVECTOR SPACE

The concept of gyrovector space is a generalization of vector spaces to hyperbolic geometry and was
introduced by Abraham A. Ungar [19]. The algebraic framework for computations in hyperbolic spaces is
similar to that of vector spaces in Euclidean geometry. The operations that involve gyrovector space are
known as “Gyrooperations”, and they are defined as:

e  Gyroaddition (+): Combines two points while respecting the constraints of hyperbolic geometry.
e  Gyrovector scalar multiplication: Scaling operates within the curvature framework.

Let (G, +) be a groupoid, and a, b, ¢, x € G, then (G, +) is said to be a gyrogroup (denoted by gyr) if
the following properties are satisfied. All the properties are discussed by considering (G, +) as a groupoid,
where G = {0, 1, 2, 3}, and + is the binary operation.

Property 1. If a+b =a+ c = b = c (left cancellation law).
Proof. Define the binary operation + as:

a +b=(a+b)mod4,Va,beG (8)
where mod 5 ensures the result wraps around after reaching 5. Now, we aim to verify the left cancellation
law, which states:

a+b=a+c=>b=cVabc€EG )
. Case 1: Leta=1,b=3, and c = 3:

a+b=(1+4+3)=0mod4,a+c=((1+3)=0mod 4

Since, a + b = a + ¢, the left cancellation law implies b = ¢ = 3.

. Case 2: Leta=3,b=1,and c=1:
a+b=B+1)=0mod4,a+c=(B+1)=0mod 4

Again, a + b = a + ¢, so the left cancellation law implies b = ¢ = 1.

. Case 3: Leta=3,b=2,and c = 3:
a+b=0B+2)=1mod4,a+c=B+3)=2mod4

Here, a + b /= a + ¢, so the left cancellation law does not apply unless b = c.

Property 2. If gyr[0, a] = 7 for the left identity O in G. Proof. Define the binary operation + as:
gyr[0,a] = I mod 4,¥0,a € G (10)

where mod 5 ensures the result wraps around after reaching 5. Here,

e 0 is the left identity element in the groupoid.

e gyr[0, a] = 7, where 7/ denotes the identity transformation. It implies that applying the gyrogroup
operation gyr[0, a] to any element a result in the identity element /.

We verify the condition gyr[0, a] = / by showing that for all a € G:

gyr[0,a](x) = x )

In a gyrogroup, the gyration gyr[0, a](x) captures a “twisting” effect of the operation. If gyr[0, a] = 7, it
means that x is unchanged when acted upon, gyr[0, a](x) = x. Following is an example for
verification

e Leta=23,x=1: In this context, gyr[0, 3] represents the gyrogroup operation applied to the element
3 (since 0 is the left identity element). Apply this to the equation gyr[0, 3]1 = 1. Since gyr[0, 3] =1,
we substitute this into the equation:

7-1=1
Thus, gyr[0, 3]1 = 1, as required. This result follows directly from the condition gyr[0, a] = 7, and the
property of the identity element in the groupoid.
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e Leta=4,x=2: In this context, gyr[0, 4] represents the gyrogroup operation applied to the element
4 (since 0 is the left identity element). Apply this to the equation gyr[0, 4]2 = 2. Since gyr[0, 4] =1,
we substitute this into the equation:

1-2=2

Thus, gyr[0, 4]2 = 2, as required. This result follows directly from the condition gyr[0, a] = /, and the
property of the identity element in the groupoid.

e  Validation for all x:
Since the gyrogroup operation does not modify x, gyr[0, a] = I implies the identity transformation for all x
€ G.

Remark 1. The identity transformation 7 is an operation that leaves elements unchanged when it is applied to
them. In mathematical terms, for any element x, applying 7 results in:

I -x =x (12)

1) Inavector space, the identity transformation is the linear transformation that maps each vector to itself.
For any vector v, we have:

I-v=vw (13)

For example, if v = (2, 3), the identity transformation 7 applied to v gives:

1(2,3) = (2,3) (14)

2) In group theory, the identity element e of a group G is the element that, when combined with any
element of the group, leaves that element unchanged. For a group G with the operation +, the identity
element satisfies:

e+x=xandx+e=x forallx €G (15)
For example, in the group of integers (Z, +), the identity element is 0, because:
O+x=xforallxeZ (16)

Property 3. If gyr[x, a] = 7 for any left inverse x of a in G. Proof. In the context of a gyrogroup,
gyr[x, a] represents a gyrogroup operation, which is a transformation (or operation) that modifies
elements of the group G in a specific way. Intuitively, it measures the “twist” introduced by the
elements x and a in the group operation. /7 denote the identity transformation, which is a special
transformation that leaves all elements unchanged. The condition gyr[x, a] = I mean that the
gyrogroup operation gyr[x, a] does not twist or change any element of G. Mathematically, this is
expressed as:

gyr[x,al(c) = ¢,c € G (17)
An element x € G is called a left inverse of a € G if:

x+a=0 (18)

This means that when x is combined with a (from the left), the result is the identity element 0. In a
gyrogroup, the operation + behaves differently (with a “twist”), but the definition of the left inverse
still holds:

x+a=0 (19)
Here, x is the element that “cancels” a under the operation +.

For instance, if x = —a works in the gyrogroup (depending on the operation), x would be the left
inverse of a. Additionally, the gyrogroup operation property:

gyrix,al =1 (20)

may hold, indicating no “twist” occurs. Now, consider the following example and define the binary
operation + as:

x+a=(x+a)mod4,Vx,a€G @2n
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We are given:

a = 3,x = 1(left inverse of a) (22)
The left inverse x satisfies x + a =0 mod 4. Fora=3 and x=1:

1 +3=4=0mod4 (23)
Hence, x = 1 is the left inverse of a = 3.

Property 4. gyr[a, a] = I. Proof. Define the binary operation + as:
x+a=(x+a)mod4 (24)

The gyrogroup operation gyr[a, b] must satisfy the condition:

gyrla,a] =1, (25)
where / denotes the identity transformation. This means that:
gyrla,al(c) = cforallc € G (26)

We can verify this for a =2 as:
e Forc=0:

gyr=0

. For c = 1:

gyr=1
. For ¢ = 2:
gyr =2

e Forc=3:
gyr=3
In all cases, gyr[2, 2](c) = c. This confirms that gyr[a, a] =7 holds fora=2 and all c € G.

Property 5. There is a left identity that is also a right identity.

Proof. Define the binary operation + as:

x+a=(x+a)mod4 27
The left and right identities can be defined as:

e A leftidentity e satisfies e+ a =a forall a € G.

e  Arightidentity e satisfies a + e=a forall a € G.

Table 1. Computation of e+ a and a + e for e=0

a 0+a a+0

0 0+0)=0 mod 4 0+0)=0 mod 4
1 o+nH=1 mod 4 (1+0)=1 mod 4
2 0+2)=2 mod 4 2+0)=2 mod 4
3 0+3)=3 mod 4 B3+0)=3 mod 4

e If eisboth a left and right identity, it is simply called the identity element of G. To verify the identity
element in G, check if there exists an element e € G such that:

et+a=a+e=aVa€eG (28)
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Here, the operation + is defined as:
(x +a)mod 4 29)

Let e = 0. Check whether e satisfies the identity conditions for all a € G:

e  Leftidentity: 0 +a=(0+ a) mod 4 =qa. This holds for all a € G.
e Right identity: @ + 0 =(a + 0) mod 4 = a. This also holds for all a € G. Since 0 +a =a+0
=a for all a € G, O is both a left and right identity.

For G = {0, 1, 2, 3}, compute ¢+ a and a + e for e =0 and each a € G as shown in Table 1.
From Table 1, we see that 0 +a = a + 0 = a for all a € G. Thus, 0 is the identity element of the
groupoid (G, +). In the groupoid G= {0, 1, 2, 3} with addition modulo 4, 0 serves as both the left
and right identity. Hence, G satisfies the condition that the left identity is also the right identity.

Property 6. Every left inverse is a right inverse. Proof. Left inverse and right inverse can be defined as:
x + a =e; (Left Inverse) (30)

a +x = e; (Right Inverse) 3D
where, e is the identity element of G. Now, if x satisfies both conditions x +a = e and a + x = ¢, then
x is both a left and right inverse of a. From the previous example, we know that O is the identity element

for G= {0, 1, 2, 3}, where addition is modulo 4. We calculate both left and right inverses for each a € G
as:

. For a=0:

Leftinverse: x +0=0 (mod 4)=>x=0

Right inverse: 0 +x =0 (mod 4) = x = 0 Hence, x = 0 is both the left and right inverse of a =0.
e Fora=1:

Leftinverse: x +1 =0 (mod4)=x=3

Right inverse: 1 +x=0 (mod 4) = x = 3 Hence, x = 3 is both the left and right inverse of a =1.
e Fora=2:

Leftinverse: x +2=0 (mod 4) =>x=2
Right inverse: 2 +x=0 (mod 4) = x =2 Hence, x =2 is both the left and right inverse of a = 2.
e Fora=3:

Leftinverse: x +3=0 (mod 4)=>x=1

Right inverse: 3 +x=0 (mod 4) = x =1 Hence, x = 1 is both the left and right inverse of a =3.
It is evident that in the groupoid G = {0, 1, 2, 3} with addition modulo 4, every left inverse is
also a right inverse.

This property holds for all elements in G.

Property 7. There is only one left identity. Proof. An element e € G is a left identity if for all a
€ G:

eta=a (32)

A groupoid has only one left identity if no other element besides e satisfies the above condition for
all a. We used a groupoid G = {0, 1, 2, 3} with addition modulo 4 as the operation:

x+a=(x+a)mod4 (33)
Now, verify each element of G = {0, 1, 2, 3} to see if it satisfies e+ a=a for all a € G as:

. e=20:

0+a=(0+a)=amod4 (34)
which holds for all a € G.

e e=1,2,3: These fail to satisfy e+ a = a for all a. For example,
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Fore =1:14+0=1=0. (35

Hence, ¢ = 0 is the unique left identity in G. In the groupoid (G, +) under addition modulo 4,
e = 0 is the only element that serves as a left identity. This satisfies the gyrogroup condition that
there exists only one left identity.

Property 8. There is only one left inverse of a. Proof. We will use the set G= {0, 1, 2, 3} with the
addition operation modulo 4, which forms a groupoid. That is, we define the binary operation +
on G as:

0+0=0, 0+1=1, 0+2=2, 0+3=3
1+0=1, 1+1=2, 1+2=3, 1+3=0,
2+0=2, 2+1=3, 2+2=0, 2+3=1,
3+0=3, 3+1=0, 3+2=1, 3+3=2.

We can verify the groupoid structure as:

Closure: The result of adding any two elements of G (modulo 4) is always an element of G.
Associativity: The operation + is associative in this case because addition modulo 4 satisfies
the associative property.

Existence of identity element: The identity element is 0, since for any elementa € G, a + 0=
a.

Left inverses: For each element a € G, we must find a left inverse. A left inverse of a is an
element b € G such that b+ a = 0.

Now, we can check the left inverse for each element in G as:

1))
2)
3)

4)

Left inverse of 0: we need b + 0 = 0. From the above table, we see that 0 + 0 = 0, so the left inverse of

0is 0

Left inverse 1: We need b+1=0. From the above table, we see that 3+1=0, so the left inverse of 1
is 3.

Left inverse of 2: We need b +2 = 0. From the table, we see that 2 + 2 = 0, so the left inverse
of 2 is 2.

Left inverse of 3: We need b+ 3 = 0. From the table, we see that 1 +3 = 0, so the left inverse
of 3is 1.

From the calculations above, we observe the following left inverses:

The left inverse of 0 is 0.
The left inverse of 1 is 3.
The left inverse of 2 is 2.
The left inverse of 3 is 1.

Each element has a unique left inverse, and no element has more than one left inverse. Thus, we

have demonstrated, with a numerical example, that the set G = {0, 1, 2, 3} with addition modulo 4
forms a groupoid and satisfies the condition that each element has a unique left inverse. This satisfies
the definition of a gyrogroup, and we have

Property 9. —a+ (a+ b) = (—a+a) + b =0+ b = b(left cancellation law). Proof. Consider
the set G = {0, 1, 2, 3} with the binary operation + defined as addition modulo 4:

0+0=0, 0+1=1, 0+2=2 0+3 =3,
1+0=1, 1+1=2, 1+2=3, 1+3=0,
2+0=2, 2+1=3, 2+2=0, 2+3=1,
3+0=3, 3+1=0, 3+2=1, 3+3=2.

Here, —a represents the additive inverse of a, such that —a + a =0 modulo 4. The additive inverses
in G are:

—a=0 fora=0,

—a=3 fora=1,

—a=2 fora=2,

—a=1 fora=3.
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We verify —a + (a + b) = b for all a, b € G with the left cancellation law:

. Case 1: Leta=0,b=1:
—-0+(0+1)=0+1=1 (30)
Since b = 1, the condition holds.

e Case2: Leta=15b=2:
-1+ (1+2) =3+3=2mod4 37

Since b = 2, the condition holds.
. Case 3: Leta=2,b=3:
-2+ (2+43)=24+1=3mod4 (38)
Since, b = 3, the condition holds.
. Case 4: Let a =3,b =0:
-3+B3+0) =1+3=0mod4 (39)
Since b = 0, the condition holds.
For any @, b € G, we compute:

—a+(a+b) =(—a+a)+b=0+b=>b (40)
Thus, the left cancellation law is satisfied for all a, b € G.

We have demonstrated a numerical example with G = {0, 1, 2, 3} under addition modulo 4
that satisfies the left cancellation law:
—a+(a+b) =b (41)
This verifies the gyrogroup property for (G, +).
Property 10. gyr[a, b]x = —(a+ b) + {a + (b + x)}. Proof. Let the set G= {0, 1, 2, 3} use the
addition operation modulo 4. Now, verify the condition:

gyria,blx = —(a +b)+{a+ (b+x)} mod 4 (42)
for all a, b, x € G as:

a) Leta=1, =2, and x = 3. Now, substitute into the condition:

gyr(1,2]13 = —(1 +2)+ {1+ (2+3)}mod 4 (43)
b) Compute —(a+ b) mod 4 as:

—(1+42) = -3=1mod 4 (44)
Thus,

—(1+2) = 1mod4 (45)
¢) Compute a + (b+x) mod 4. First, compute b + x as:

b+x=2+3=5=1mod4 (46)

Next, add a to (b + x) as:

a+(b+x)=1+1=2=2mod4 47
Thus:
a+(b+x) =2mod4 (48)

d) Combine the results by substituting the values into the condition as:
gyr(1,2]13 = —(1 +2)+ {1+ (2+3)}mod 4 (49)

Using the computed values:
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gyr(1,2]3 =1+2 =3 = 3mod4 (50)

Hence, for a = 1, b = 2, and x = 3, the gyrogroup condition holds as gyr[1, 2]3 = 3. It can be
concluded that the gyrogroup condition gyr[a, b]x = —(a + b) + {a + (b + x)} mod 4 is valid for
the set G = {0, 1, 2, 3} with the operation addition modulo 4. This satisfies the required condition
for G to form a gyrogroup under this operation.

Property 11. gyr[a, b]0 = 0. Proof. Using the proof of Property 10, x =0, we get, gyr[a, b]0 =
0.

Property 12. gyr[a, b](—x) = —gyr[a, b]x. Proof. The given condition indicates that the
gyrogroup operation should be anti-symmetric with respect to the negative element. Now, we need
to verify the given condition for the set G = {0, 1, 2, 3} with the addition operation modulo 4:

gyrla, b](—x) = —gyr[a,b]x mod 4 D
for all a, b, x € G as:
a) Leta=1, =2, and x = 3. Now, substitute into the condition:

gyr(1,2](=3) = —gyr[1,2](3) mod 4 (52)

b) For the left-hand side, we need to evaluate gyr[a, b](—x), which is the gyrogroup operation
applied to —x. First, calculate the negative of x modulo 4 as:

—x = 1mod4 (53)
c¢) Now, calculate gyr[a, b](—x) = gyr[1, 2]1 as:
gyria,b]lx = —(a + b) + {a + (b + x)} mod 4
gyr[1,2]11 = -1 +2)+ {1+ (2 + 1)}mod4
= -3+ {1 + 3} mod4
= -3 4+ 4 mod4
= 1 mod4 (54)

d) Now, calculate the right-hand side, which is —gyr[a, b]x. First, calculate gyr[1, 2]3 as:
gyr[1,2]3=—-(1+2)+ 1+ (2 + 3)mod4

= -3+ 1+ 5mod4

=-3+1+5mod (55)
e) Now, calculate the negative of gyr[a, b]x as:
—gyr[1,2]3 = —3mod4 = 1 (56)
We have obtained:
gyr(a,b](—x) = 1land — gyr[a,b]x =1 57
Thus, the condition gyr[a, b](—x) = —gyr[a, b]x holds for the given valuesof a= 1,5 =2, and x =

3. Hence, the gyrogroup condition gyr[a, b](—x) = —gyr[a, b]x is satisfied for the set G = {0, 1, 2,
3} with the addition operation modulo 4.

Property 13. gyr[a, 0] = 1. Proof. This condition indicates that for any element a € G, applying the
gyrogroup operation with 0 should result in the identity element /. For example, in the group G =
{0, 1, 2, 3} with addition modulo 4, the identity element I is the element that, when added to any
element of the group, leaves it unchanged. For a set G with the operation +, the identity element
I must satisfy the condition that for every a € G:

a+I =aforallacG (58)

In the case of the set G = {0, 1, 2, 3} with addition modulo 4, the identity element / is 0. This is because
for any element a € G, we have:

a + 0 =amod4 (59)
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This means that adding 0 to any element « in the set G returns the same element a, satisfying the condition
for the identity element. Thus, in this case, /= 0.

Consider the following cases:

e Fora=0:

gyr[0,0] = —(0 +0)+ {0+ (0+0)} = 0mod 4 (60)
Thus, gyr[0, 0] =0.

e Fora=1:

gyr[1,0] = =1 +0)+ {1+ (0+0)} = 0mod 4 (61)
Thus, gyr[1, 0] =0.

e Fora=2:

gyr(2,0] = =2 +0)+{2+(0+0)} = 0mod 4 (62)
Thus, gyr[2, 0] =0.

e Fora=3:

gyr(3,0] = -3 +0)+{3+(0+0)} = 0mod 4 (63)
Thus, gyr[3, 0] =0.

In all cases, adding 0 results in the same element, confirming that / = 0. Hence, we have verified that
the condition gyr[a, 0] =7 holds for the set G= {0, 1, 2, 3} with the addition operation modulo 4. Therefore,
the gyrogroup condition is satisfied. Example 2. (Gyrovector space). The velocity composition law,
specifically in the context of special relativity, can be expressed using the framework of gyrovector spaces.
The gyrovector space provides a mathematical foundation for understanding relativistic velocity addition.
The relativistic velocity addition (or Thomas motion) is modeled as a gyrogroup operation in a gyrovector
space. For velocities u, v € G, where G is the set of all velocity vectors with magnitudes less than the speed
of light c. The velocity composition is given by:

u+v+ yu_vux(uxv)

Uy = — 57— (64)

uv
1+ 27
c2

Here,

e (@ represents the gyrogroup operation for velocity addition,

e yu= is the Lorentz factor for velocity u,

2

u

1-
C

e u - vis the dot product of u and v,
e u xvisthe cross product of u and v.

The following is an example of velocity addition computation in one dimension using the gyrovector space
framework.

e Letu=0.5¢and v =0.4c, where c is the speed of light.

e The relativistic velocity addition formula in 1D simplifies to:
u+v
udv= (65)

Final calculation is provided below:

1. Substitute # = 0.5¢ and v = 0.4c¢:
0.5¢+0.4
U®V = —Gson (66)

c2

2. Simplify the numerator:
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0.9¢
udv= 0.2¢2
o2
(67)

3. Simplify the denominator:

0.9¢
udv= 1+0.2
(68)
4.  Perform the division:
udv= % = 0.75c¢ (69)

The resulting velocity after relativistic addition is: 0.75c.

4. AMBIGUOS SET

This section covers the fundamental definition of an ambiguous set, and ambiguous space, as well
as a number of related definitions, formulae, and properties [20]-[28].
Definition 2 (Ambiguous set). [29]-[35]. Let X = {x} denote the fixed universe of discourse for any event
x. An ambiguous set C for x € X is defined as:

C={x0C(x),pC(x),0C(x),wC(x)|x € X} (70)
where, the membership degrees Oc(x), pc(x), oc(x), wc(x): X — [0, 1] with the condition:
0 <0C(x)+¢C(x)+0C(x)+ wC(x) < 2,for any event x (71)

Here, Oc, ¢c, oc, and wc represent four distinct membership functions termed as true, false, partially true,
and partially false, respectively. These membership functions are collectively referred to as ambiguous. In
Equation (70), the values Oc(x), pc(x), oc(x), wc(x), which lie within [0, 1], are known as the true, false,
partially true, and partially false membership degrees of x € X in C, respectively.

An ambiguous set C can also be defined for discrete and continuous cases as:
e  Discrete Case: For a discrete universe X = {xi, x, . . ., x,}, the ambiguous set C is defined as:
C = {xi,0C(xi), pC(xi),oC(xi),wC(xi) | xi € X,i = 1,2,...,n} (72)
where, the membership degrees Oc(x;), pc(xi), oc(x:), and wc(x;) satisfy:
0 <0C(xi) + @C(xi) + oC(xi) + wC(xi) < 2,foreachxi € X. (73)
e  Continuous Case: For a continuous universe X, the ambiguous set C is represented as:
C ={x,0C(x),pC(x),0C(x),wC(x)|x € X} (74)
where, the membership degrees Oc(x), pc(x), oc(x), and wc(x): X — [0, 1] satisfy:
0 <OC(x)+@pC(x)+0C(x)+ wC(x) < 2,foranyx € X. (75)
Next, we provide the concept of a single-valued ambiguous number (SVAN).

Definition 3 (SVAN). To represent an event x € X in an ambiguous set C, we can use the notation x = (6,
@x, Ox, @), Which we call an SVAN. Here, 6, ¢x, 0x, @, correspond to the membership degrees Oc(x), pc(x),
oc(x), wc(x) of the event x in the ambiguous set C, respectively. These membership degrees must satisfy the
condition:

0 <Ox+px+ox+wx <2,Vx€X. (76)

This ensures that the total membership of each event x in the set C remains within the bounds of ambiguity.

5. AMBIGUOS SPACE

This section introduces the concept of ambiguous space.
Definition 4 (Ambiguous space). Let (C, @, &, 4 - x, x*) be an ambiguous groupoid, where C is a set of
SVANSs, and @, &, /4 - x, x* represent the operations for addition, multiplication, scalar (1) multiplication
for x, exponentiation for x (i.e., x is raised to the power of 1), respectively, on these SVANS. This structure
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forms an ambiguous space, and (C, B, &, 1 - x, x*) is called an ambigroup if the following operational
laws, based on the Lemmas, are satisfied for any two SVANs x and y in C.

Operational Laws and Lemmas: For the two SVANs x = (6, ¢x, 0x, @w.) and y = (6,, ¢,, 7, ), the
following operational laws hold in an ambiguous space:

e Lemma 1 (Addition):

x@y = Ox+0y—0x-0y,¢px-@y,ox -0y, wx - wy. 77)
This lemma defines the addition operation @ between two SVANS.

e  Lemma 2 (Multiplication):

xQy = 0x-0y,px -y, ax - 0y, WX - WY. (78)
This lemma defines the multiplication operation @ between two SVANS.

e  Lemma 3a (Scalar multiplication for x):

A-x=1-(A-6)4L1-A—-px)L,1—-(1—-0x)A4,1 - (1 — wx)A. (79)
Here, scalar 4 belongs to (0, 1).

e  Lemma 3b (Scalar multiplication for y):

A-y=1-(A-6)4L1-A—-pAL1 -1 —-0oy)41 -1 —-wy)l. (80)
e  Lemma 4a (Exponentiation for x):
XA = (6x)4, (x)A, (6x)A, (wx)A,A € (0,1). (81)

Here, SVAN x is raised to the power of 4.

e  Lemma 4b (Exponentiation for y):
yA = (69)4 ()4, (0y)4, (wy)A, 4 € (0,1). (82)

Similar to Lemma 4a, this lemma defines the exponentiation operation for the SVAN y.

The following theorems explore operational laws in the context of ambiguous space.
Theorem 1. Let » =x @ y, then r is also an SVAN.
Proof: Since, x = (6x, ¢x, 0x, wx) and g = (6,, ¢y, 0y, @) are two SVANs, and 6., 6, € [0, 1], ¢, ¢,
€ [0, 1], o, 0y €[0, 1], @y, w, € [0, 1], then by following Lemma 1, we have:

0<6:,+60,—6,-0,<1,
0<g: ¢ =<1,

0<or 0,<1, and
0<w: w,<12

Since, 0 < 0+ ¢y + 0x + 0, <2 and 0 < O, + ¢, + 6, + w, < 2. Therefore, 0 < (6, + 6, — 6« - 6,) + (¢« - @y) +
(0x -0y) + (wy - @) £ 2. Thus, r= (6, ¢;, 61, ,) is a SVAN by satisfying the condition 0 < 6, + ¢, + 6, + w,
<2.o0

Theorem 2. Let » =x @ y, then r is also an SVAN.

Proof: Since, x = (0x, ¢x, 0x, wx) and y =(6,, ¢,, 7,, w,) are two SVANS, and 6, 6, € [0, 1], ¢x, @, € [0, 1],
oy, 0y € [0, 1], wx, @, € [0, 1], then by following Lemma 2, we have:

0<(:-0)<1

0<(px p)=1,

0<(ox 0y)<1,and

0<(wy wy)<1.
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Since, 0 < 0 +¢, +or +wx <2 and 0 < 6, +¢, +0, +®, < 2. Therefore, 0 < (6, -0),)+(@x - 9y)+H(ox “0y)H oy “@y)
<2. Thus, r= (6, ¢, 0, o) is a SVAN by satisfying the condition 0 < 8, + ¢, + 0, + @, < 2, where 6, = (6«
“0)), 0r = (px * 9y), 0, = (0x * 0y), and @, = (wx * @y). O

Theorem 3. Let » =4 - x, then r is also an SVAN.

Proof: Since, x = (6, s, 0y, ®y) isa SVAN, and 6, € [0, 1], o« € [0, 1], ox € [0, 1], w« € [0, 1], then by
following

Lemma 3a, we have:
0<1-(1-6)<1,
0<1-(l1-g) =1,
0<1—(1—-0)' <1, and
0<1-(1-w)<l.

Since, 0 < 6, +¢x +oy o, < 2. Therefore, 0 < {1 —(1=0,)"}+{1 —(1-p,)'}+{1 —(1-0)"}+{1 —(1-w,)*} < 2.
Thus, r = (6, ¢, 0, ) is an SVAN by satisfying the condition 0 < 6, + ¢, + 0, + @, <2, where 6, =1 — (1
-0, 0=1-(1-¢),0,=1-(1—0),and w,= 1 — (1 — w,)".

Theorem 4. Let » =4 - y; then r is also an SVAN
Proof: Same as proof of Theorem 3.
Theorem 5. Let » = x*; then r is also an SVAN.

Proof: Since, x = (6, ¢x, 0y, ®x) is a SVAN, and 6, € [0, 1], ¢« € [0, 1], 6x € [0, 1], wx € [0, 1], then by
following

Lemma 4a, we have:
0=y <1,
0<(py<1,
0<(ox)"<1, and
0<(w)'<1.

Thus, » = (0, ¢», 01, ©,) is a SVAN by satisfying the condition 0 < 0, +¢, +0, +w, < 2, where 8, = (6., ¢-
= (gox)iy

o= (ox), and o, = ()
Theorem 6. Let » =), then r is also an SVAN.
Proof: Same as proof of Theorem 5.
Theorem 7. For two SVANs x and y, it follows:
1) xQ@y=yQux
2) @y =0
3) X1 ®x2=(x1 1+2.
Proof (1): By following Lemma 2, we have:
X Qy=((0:- 0, (9 - ), (0x 07), (0 @y))
={(6y - 60, (- 9, (03~ o), (@y - )
=y ®x. O
Proof (2): Since, x @ y = ((6x - 6)), (¢x - ¢y), (0x - 6y), (wx * ®))). Then, by Lemma 2, it follows:
(O ® yY =0 - 0, (9~ @), (0~ ), (o0x ~ @)
={(O - 0, (9y - 0), (0" 0 (@ - @2))
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=y®x)\ . o

Proof (3): By following Lemma 4a, we have x*1 = (6’1 , (¢)*1, (621, (wy)*1 ). Similarly, by following
Lemma 4b, we have x'2 = ((6.)"2, (¢2)2, (62)"2, (w:)'2 ).

1 @ x2=((0)"1 @ (6:)2, (0:)'1 @ (92, (6:)'1 @ (622, (w:)']1 @ ()2 )
= ((0)A1+12, (px)A1+12, (ox)A1+A2, (wx)A1+A2 )
= (x)"1+42 .

6. APPLICATION OF AMBIGUOUS SPACE FOR CUSTOMER SEGMENTATION

Consider the classification of customers into ambiguous categories:

e  Highly Satisfied (HS)

e Neutral (N)

e  Dissatisfied (D)

e  Step 1: Represent customer feedback using SVANSs. Let each customer’s feedback be evaluated
based on four membership degrees:

— 6« Membership degree of the customer being Highly Satisfied.

— @« Membership degree of the customer being Dissatisfied.

— oy Partial truth of being Neutral.

— oy Partial falsity of being Neutral.

For example, feedback from customer C; is represented as:

xC1 = (0xC1,pxC1,0xC1,wxC)1 = (0.8,0.1,0.6,0.2) (83)

This means:

= Ox,=0.18: 18% Highly Satisfied.

= Qxc, = 0.74: 74% Dissatisfied.

= Oy, = 0.17: 17% Neutral (partial truth).

— Wy, = 0.68: 68% not Neutral (partial falsity).

Another customer, C;’s feedback:

yC2 = (0yC2,¢pyC2,0yC2,wyC2) =(0.5,0.3,0.7,0.4) (84)

This means:

- 6y, =0.27: 27% Highly Satisfied.

= @y, =0.65:65% Dissatisfied.

= 0y, =0.25:25% Neutral (partial truth).

= Wy, = 0.59: 59% not Neutral (partial falsity).

Step 2: Perform an ambiguous operation. Using addition in an ambiguous space (Lemma 1):

xC1 @ yC2 = (6xC1 + 0yC2 — 6xC1 - 0yC2,pxC1 - pyC2,0xC1 - 0yC2 ,wxC1 - wyC2)

xC1 @ yC2 = (0.8+0.5—(0.8-0.5),0.74-0.65,0.17 - 0.25,0.68 - 0.59)

xC1 @ yC2 = (0.4014,0.481,0.0425,0.4012) (85)

The result of the calculation xc1 @ yc2 = (0.4014, 0.481, 0.0425, 0.4012) can be interpreted as follows:

b. Highly Satisfied (6): The combined membership degree for being “Highly Satisfied” is 0.4014, or
approximately 40.14%. This indicates a moderate level of satisfaction after combining the assessments
of xcl and yc2 .

c.  Dissatisfied (¢): The combined membership degree for being “Dissatisfied” is 0.481, or approximately
48.1%. This suggests that dissatisfaction remains a prominent sentiment after the combination.

d.  Neutral (6): The combined membership degree for being ‘“Neutral” (partial truth) is 0.0425, or
approximately 4.25%. This is significantly lower than the individual components, indicating a very
low neutrality after combining the assessments.

e.  Not Neutral (w): The combined membership degree for being “Not Neutral” (partial falsity) is 0.4012,
or approximately 40.12%. This reflects a moderate degree of falsity in being neutral after the
combination.

It indicates that dissatisfaction () remains the dominant sentiment at 48.1%, followed by moderate levels

of high satisfaction (6 = 40.14%) and “Not Neutral” (w = 40.12%). Neutrality (¢ = 4.25%) is minimal,

suggesting that most responses lean clearly towards either satisfaction or dissatisfaction.

7. CONCLUSIONS AND FUTURE DIRECTIONS
This study established a comparative framework that linked hyperbolic space, gyrovector space,
and ambiguous space, thereby expanding traditional mathematical structures to accommodate domains
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requiring more nuanced representations of uncertainty. Hyperbolic space, widely used in
computational geometry and network analysis, offered a non-Euclidean foundation, while gyrovector
space improved algebraic efficiency in hyperbolic operations. The introduction of ambiguous sets,
which feature four distinct membership degrees, viz., true, false, partially true, and partially false,
enabled a richer representation of uncertainty. This study also introduced the SVAN, a notation for
representing events within an ambiguous set. The ambiguous space is then defined as a structure
consisting of SVANs, with operations for addition, multiplication, scalar multiplication, and
exponentiation. This space forms an ambigroup, satisfying operational laws for these operations, such
as addition and multiplication between two SVANs and scalar multiplication for individual elements.
These elements integrate seamlessly into the broader framework, contributing to the emergence of
ambiguous space as a novel mathematical structure with diverse potential applications.

A key application explored in this study was customer segmentation, where ambiguous space
enabled a more flexible classification framework. Unlike conventional clustering techniques that relied
on strict boundaries, ambiguous space accommodated partial truths and uncertainties, making it well-
suited for real-world decision-making. This approach could be further extended to various fields such
as sentiment analysis, medical diagnosis, and financial risk assessment [36][37].
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