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The propagation of optical pulses in nonlinear media is a complex
phenomenon that requires accurate modeling and analysis. The New
Hamiltonian Amplitude Equation (HNLS) is a fundamental model that
describes this phenomenon, but solving it exactly is a challenging task.
We employ the Riccati-Bernoulli Sub ODE method to derive exact soliton
solutions to the HNLS. This research contributes to the understanding of
optical soliton dynamics in various nonlinear regimes, providing a
foundation for the development of novel optical communication systems
and devices. We use the Riccati-Bernoulli Sub ODE method to derive
exact soliton solutions to the HNLS. The method is applied to various
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nonlinear regimes, including Kerr law, Quadratic Cubic, and Parabolic
law nonlinearities. Additionally, we obtain particular solutions using the
power series method. The resulting optical soliton solutions are expressed
in terms of various mathematical functions, including trigonometric
functions, hyperbolic functions, exponential functions, and rational
functions. These solutions describe the oscillatory behavior, exponential
growth or decay, rapid growth or decay, and algebraic decay or growth of
optical pulses in various nonlinear regimes. The solutions obtained using
the power series method provide further insight into the behavior of optical
pulses in these regimes. Our results provide a comprehensive
understanding of optical soliton dynamics in nonlinear media.

Kerr law
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1. INTRODUCTION

The Hamiltonian Nonlinear Schrodinger Equation (HNLS) serves as a vital tool for comprehending
intricate wave processes, merging nonlinearity, dispersion, and quantum mechanics [1] —[6]. The inherent
nonlinearity of the equation hampers exact solutions and impedes the understanding of its structure [7]—
[9][21]-[23]. The need arises to develop solutions that illuminate nonlinear wave behavior, resolve
symmetry ambiguities, and establish links between theoretical predictions and experimental observations
[10][11][24]-[26]. Overcoming these challenges in HNLS research holds paramount importance for its
practical application in optics, condensed matter physics, and quantum information. This equation finds
utility across diverse systems, spanning from optical fibers to quantum fluids [5][12]-[15][27][28].
Extending the conventional Schriodinger equation, the HNLS equation captures nonlinear effects in
quantum systems through its Hamiltonian structure, encapsulating intricate wave dynamics. Originally
introduced by Wadati et al. in 1992, this nonlinear Schrédinger Equation is not integrable, as evidenced
by its failure to satisfy the Painlevé test [2][5][28]. The model equation is given by [1][2].
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where y =w(x, f), and x and ¢ represent the spatial and temporal coordinates, respectively [2][29][30].

The parameter ¢ denotes the coefficient of nonlinearity, while the function F (|1//\2) characterizes the
nonlinear properties of the medium ., w., and w, correspond to various types of dispersion of optical
solitons [21][22]. The equation is the well-known Schréodinger Equation with the additional term ey,
attached, which plays a significant role in prevailing the ill-posedness of unstable nonlinear
Schrédinger Equation [2]

Various research approaches have been utilized to examine the model equation, such as the F-expansion
method [5], Jacobi elliptic expansion function [19], G/G expansion method [18], Ricatti bernoulli
method [26], Bernoulli sub ODE method [31][32], and numerous other techniques.

The novelty of this research lies in the exploration of precise soliton solutions of the New Hamiltonian
Amplitude Equation using the Riccati-Bernoulli Sub-ODE method. This method provides accurate and
reliable solutions to the nonlinear Schréodinger equation, offering valuable physical insight into the behavior
of optical pulses in nonlinear media. This insight is crucial for the development of novel optical
communication systems and devices.

The Riccati-Bernoulli Sub-ODE method enables the study of optical soliton dynamics, including
soliton for- mation, propagation, and interaction. It also facilitates the examination of nonlinear effects,
such as self-phase modulation, cross-phase modulation, and four-wave mixing, which are essential for
understanding the behavior of optical pulses in nonlinear media.

A key novelty of this research is the derivation of soliton solutions, which provide valuable insight
into the behavior of nonlinear optical phenomena. These solutions can be used to design and develop novel
optical com- munication systems with improved performance, capacity, and reliability.

Additionally, this research utilizes the power series method to obtain accurate particular solutions to
the nonlinear Schrodinger equation. This method converges to exact solutions, enabling us to obtain
precise results. The power series method is a valuable tool for understanding complex nonlinear
phenomena and can be used to develop novel mathematical models that describe these phenomena.

This paper is structured to provide a comprehensive overview of the proposed methodology. Section
2 delves into the intricacies of the proposed Method, offering a detailed explanation. Building on this
foundation, Section 3 explores the application of the Ricatti-Bernoulli sub-ODE method to the New
Hamiltonian Amplitude Equation, incorporating various nonlinearities.

The subsequent section, Section 4, employs the power series method to derive a particular solution.
The results obtained are then scrutinized in Section 5, where a discussion of the findings is accompanied
by physical visualizations. Finally, Section 6 presents a concluding summary of the research,
acknowledging limitations and outlining potential avenues for future investigation.

2. Description of the proposed Methods
2.1 Ricatti-Bernoulli Sub ODE Methods (RBSODE)
Let Consider a given PDE [26] :

P(l//» Yt Wx, Yit, Yxx, Yex, ) =0. (2)
where y(x, 1) = w(E)

Stage 1:
Using the conversion

w(x, 1) = (&) x &9, 3

where ¢ = A(x £vf) and ¢(x, ©) = —kix + wt + 6. Equation (2) can be change into the accompanying
ODE

Py, v .)=0.=0. 4

o
with §(®) = %
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Stage 2:
Presuming that the solution to Equation (4) satisfies the Riccati-Bernoulli Equation.

&y = by +ay* 7 +cy. (5)

with constant a,b,c and r. Taking the derivative of Equation (5). we have.

w' =y 7 ay? + eyt + ey Y (—a) (=2 + )y + ery? + byt (6)
y" =y 2y +ay? T + ey ) (@ (=2 + r)(=3 + 20yt (=1 + 2r)

y* +ab(—3 + r)(—2 + S+ (b% + 2ac)y? " + ber(1 + ry! ), L 7

Remarks
Equation (5) is Riccati equation if ac # 0 and » = 0. Equation (5) is Bernoulli equation

if a# 0, c =0 and » # 1. To avoid the introducing new terminologies, we called Equation (5) Riccati-
Bernoulli equation. Equation (5) possesses the subsequent solutions.:

Classification of solution:

Case 1: If » = 1, Equation (5) possesses the solution.

w(&) = Ce(b+a+c)é @®)
Case2: If »r %= 1, b= 0, and ¢ = 0, Equation (5) possesses the solution.

w(Q) = (a(r— D&+ c)r-1. ©)

Case3: If r# 1, b # 0, and ¢ = 0, Equation (5) possesses the solution.

1
$(@) = (ceblmn— 1O -5) (10)
Case4: If » #+ 1, a # 0 and b* —4ac < 0, Equation (5) possesses the solution

1

R e e | e (R an

and
Viac=b Viac=p? . =
b —b - —b -r
W(é) 2a 4aZCa . cot [(1 2 :ac lf C])l (12)
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Case 5: If r #1,a # 0 and b2 — 4ac>0, Equation (5) possesses the solution.

and

Case 6: If r # 1,a # 0 and b>~4ac = 0, Equation (5) possesses the solution.

- (1 _ay_1
W = (a(‘r—l)(f+c) p)1-r (15)

where C is constant.

Stage 3:

when we substitute  and its derivatives into Equation (4), we derive a system of algebraic equations.
By choosing the value of » according to the steps discussed above, performing all necessary computation
and substituting the value of a, b, ¢, and other parameters into any of the cases Equation (8)-(15), that
fit, the solution of the PDE (2) may be obtain.

3.  Application of RBSODE Method to New Hamiltonian Amplitude Equation.
3.1 Kerr Law non-linearity.

Regarding the Kerr law non-linearity [32], F (y) = w.
i+ w20 [yl w — ey = 0. (16)

By employing Equation (3) in Equation (16) and segregating the real and imaginary components
of the equation, we arrive at the following.

The imaginary component as:
_ we-1 (17)

" ket2w
The real component as:

kvey — ky — vy + vey' — 200 + @y = 0 (18)
W 1bev(e —v) = 0. (19)
y' i (—2acv? + 2acve + b*v(e — v) + k(we — 1) + @?) = 0. (20)
w? :3abv(e —v) =0. 20
v i —2(a v(v—€)+0o)=0. (22)

From Solving Equation (19) - (22) we obtained the following values.

b=0;a= \Ld D—w6_1;§=t(1)+x);c

. _ kwe—k+w?
\/ve—yz ? ke+2w

2av(v—€)

The solution of the obtained values is given as follows.
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Case A:
If w, € < 0, We acquire the subsequent solutions in terms of trigonometric functions

(ke+2w)2(k(we-1D)+w?/  t(we-1), )
(wel_l)(kez+a)e+1) \"Tket20

yl,1=cot NG
- 7
V2o
(we-1)(k€*+we+1) _ (KE+2w)?(k(we-1)+w?) ; _
X J (ke+2w)? \[ (we-1)(k€E24+we+1) € (9 kx + tw) (23)
and

(1) (ke2+we+1) " ketzw

V2

\/ (ke+2w)2 (k(we-1)+w?/ | tlwe-1) )\

y1,2(x,t) =tan

V2vo

(we-1)(k€*+we+1) _ (KE+2w)?(k(we-1)+w?) ; _
X J (ke+2w)? \[ (we-1)(k€E24+we+1) e (6 kex + tw) (24)

Case B:
If w, € > 0, We acquire the subsequent solutions in terms of hyperbolic functions

(ke+zw)2(k(we-1D+w2/  t(we-1) )
(pe—q)(ke2+we+1) T herzo ¥
v1,3(x,t)= coth

-

V2vo

(we-1)(k€+we+1) | (kE+2w)?(k(we-D+w?) ;-
X\/ (ke+2)? \/ we—Dezraciy € (0 —kx+tw) (25)

and

(ke+2w)2(k(we—1)+w2(6  twe-1) x)
(pirq)(ke2+we+1) " kerzo T
yl,4(x,t)= tanh

) )

V2vo
(we—1)(k€2+we+1) _ (RE+2w)?(k(we-1)+w?) ; _
- \/ (ke+2w)? \/ (we—D(ke2twetD)  © (6 —kx + tw) (26)

3.2 Quadratic Cubic law non-linearity
Regarding the Quadratic Cubic law non-linearity [32], F(y) = 0'1\/@_#4- o, where o1 and o> are
constants
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Tyx + ytt + 2(cljy| + 62|y|2) y—eyxt=0. 27

By employing Equation (3) in Equation (27) and segregating the real and imaginary components
of the equation, we arrive at the following. The imaginary component as:

we—1
" ket2w (28)
The real component as:
—kowey + ky +V " —vey" + 20007 + 20197 — 0’y = 0 (29)

Substituting Equation (5) and its derivatives in Equation (29) and setting m = 0, we obtain an
overdetermine equation. By gathering terms with the same exponent of v’ and setting them equal to zero,
we establish the subsequent system of algebraic equations.

W’ bev(v —¢€) = 0. 30)
w' :(Qacv? — 2acve + b*W(v — €) — kwe + k — 0?) = 0. 31
w2 :3abv(v —€)+ 201 =0. (32)
v 2(a*v(v —e€) +a2) = 0. (33)

From Solving Equation (30) - (33) we obtained the following values:

Set1:

NG we—1 —90,w%—40% 20
Whenc=0;a = Z_.y= ik =—2 L.&=(tv+x);b=— L
Jve-v2 ke+2w 90, (we—1) 3av(v—e)

The solution of the obtained values is given as follows.

Case A :
If , € 0 < 0, We acquire the subsequent solutions in terms of trigonometric functions.

2
403€-9010,w(we—2) 002t (we—1)2
y2,1=——cot| (o3 — )2(C+ Wel” )+ | x
2 05(902+407E2)(we-1) 90, w(wt—2)—402E

2
(4‘7135—901020)(W€—2)) 02(90,+40%2€2)(wt—1)2 . ( x(-90,w%-40%)

V - X ex ile tw — —) 34
02\/‘722(9‘72*'40%52)(“’5_1)2 \] (4afe—9azw(wE—2))2 p + 902(wE-1) (34)
and

1 1 (4656—961Uzw(w6—2))2 c 902t (we-1)2
=—— = X
v2.2 30, tan 9 g§(9a2+40—1252)(we—1)2 ( + %Zw(mt—z)—a,ofE) to
2
(4JfE‘90102w(W6—2)) 02(90,+40%2€2)(wt—1)2 . ( x(-90,w%-40%)
V - X ex ile tw — —) 35
02\/‘722(9‘72*'40%52)(&’5_1)2 \] (40’%6—90'2(1)((DE—2))2 P + 902 (wWE-1) (35)

Case B:
If w, ¢, 0 > 0, We acquire the subsequent solutions in terms of hyperbolic functions

)+0'1 X

2

_ 1 1 (4Uf6—90102w(w6—2)) 902t (we—1)2

y2,3 =——coth| = |5 > S C 5
30, 9 05(90'2+40'1E )(we-1) 90w (wt—2)—401E
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\/O——J(40—13E_961U2w(we_2))2\/ 02(90,+40%€2)(wt—1)2 X exp (i (9 T tw x(—9a’2a)2—4-o'12))> (36)
) _ _ X700 ~*01)

2 2 2
02(90,+40%€2)(wE—-1)2 (40.%6_90_2(“(0)5_2)) 90, (wE-1)

2
1 1 (4056—901@“)((05—2)) ( 902t (we-1)2 )
= = x
v2,4 30, tanh 9\/0%(9a2+4afE2)(a)e—1)2 C+ 90,0(wt=2)~407E to
2
(4‘7135—951Uzw(W€—2)) 02(90,+40%€2)(we—1)2 , x(-90,0%-40%)

\VO: - X ex l 6+t(l)_—) 37

2\]"22(9”2*'40%52)(“’5_1)2 \] (40%6—9020)((‘)6—2))2 P ( 902(wE-1) @7

3.3 Parabolic law non-linearity
Regarding the Parabolic law non-linearity [32], F () = o1y + o2y, where o1 and o> are constants.

vty 2001 [yl + o2 [yl Dy — ey =0 (38)
By employing Equation (3) in Equation (43) and segregating the real and imaginary components of the

equation, we arrive at the following.
The imaginary component as:

we—1

V= (39
ke+2w
The real component as:
—koey + ky + V" —vey' + 2007 + 2007 — 0’y = 0 (40)
Setting
_ 1
Y =2 (41)

Equation (58) is transfom to
=4V 2((we — 1)+ ) +2v(v =V V "+ (e = V)V > + 8V * + 81 V3 =0 (42)
Substituting Equation (5) and its derivatives in Equation (42) and setting m = 0, we obtain an

overdeterming equation. By gathering terms with the same exponent of v/ and setting them equal to
zero, we establish the subsequent system of algebraic equations.

VO :c?ve —v)=0. (43)
V2 :(Qacv’ — 2acve + bBPv(v — €) + k(4 — dwe) — 4w?) = 0. (44)
V3 (4abv(v — €) + 801) + c*v(e — v) = 0. (45)
V4 (3av(v — €) + 8a2) = 0. (46)

From Solving Equation (43) - (46), we obtained the following values:

2
2\/;‘02 we-1 —-80,w2%-30% 20,
c=0;a= 7,V = ; k= ;E=tv+x;b=———-"—
Jve—v ke+2w 80, (we—-1) av(v—e)

The solution of the obtained values is given as follows.

Case A :
If , ¢, 0 < 0, We acquire the subsequent solutions in terms of trigonometric functions.
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o1 (30{*5—80,02""(0)5—2))2 1 o1 (30%5—80,02“’(0;5—2))2
\V?,’]:E = X = 2T X

T T
2 02 |02(80,+30%€?) (we-1)? 2 02 | 02(80,+30%€?) (we—1)2

cot (%\/E (303e-8010,wCwe—2)? (C n 80, t(we—1)2 n X) + 0, ¥

0%(80,+30%€2)(cot —1)2 80,w(we—2)—30%¢
_ 2_o 2
exp (i (6 + tw — X220 3"1))))3 47)

80, (we—1) 2

and

N w

1 1 (30‘%6—80‘,02‘”(0)6—2))2 1 [z 1 (30%6—80,02""(0)6—2))2
32==- [2—— x= |2—— x
vo, 2 2

1 5 1
02 | 02(80,+30%€?) (we—1)? 2 02 |02(80,+307€?) (we-1)?

3__ Y _1)2
tan (%\/g\/(&rle 80102 WCWE—2) (C‘l‘ 80, t(we—1) +x) +oyx

0%(802+30%€2)(cot —1)2 80, w(we—2)-30%€

exp (10 4 v - meset) ) 2 48)

80, (we—1)

Case B :
If ,e,6 > 0, We acquire the subsequent solutions interms of hyperbolic functions.

¥33= 1 [3 1 (30’%6—80’.02”’((06—2))2 13 1 (30';36—80',02‘”(&)6—2))2 "
T o T Ao T T
T2y 2 02 [02(80,4302€%) (we—1)° 2N 2 02 |0%(80,+30%€2) (we—1)>

coth (%\/g (303e-8010,wCwe—2)? (C n 80,t(we—1)>2 n x) + 0, x

02(802+30%€2)(cot —1)2 80,w(we-2)—30%€

exp (i (6 + tw — X(_scz—wz_w%)))) 1 (49)

80,(we—1) 2

and

1 [z 1 (30’{’6—80’,02”’(&)6—2))2 1 [z 1 (30‘13E—Bo‘,OZ""(cuE—Z))2
wa-t -2 1oz .

1 T
2 02 | 62(80,+30%€?) (we—1)2 02 | 02(80,+30%2€?) (we—1)2

3 _ Y _12
tanh (é\/g (303e-8010,wCwe—2) (C+ 80, t(we—1) +x)+0_1 y

02(802+30%€2)(cot —1)? 80,w(we—2)—30%€

. x(—Sszz—Sci) l
exp <1 (9 +tw — ~SeaweeD) ) ) 2 (50)
4. Particular solution of Hamiltonian Amplitude NLSE

To find the particular solution of Hamiltonian Amplitude NLSE we need to convert the
equation into system of equations we using the transformation [1][26][40]

v =u-+tiv (51
where u and v are real-valued functions.

substituting Equation (51) into Equation (1) we have

—Vx + Uy — €Uy + 20w+ v)Hu =0

Uy + vy — €Uy + 20w+ v )y =0 (52)

Conversion of system of PDEs to ODEs
Using the transformation ¢ = x + ¢t and express u and v as functions of &
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u(é) = u(x + cr)
W& = v(x + ct)

Using the chain rule, we compute the necessary derivatives:

9 déd d d

ox dxdi L@ at

0 did d _d

ot _dtdr  “'ag” “ue

62_6<Cd>_cd(cd)_czd2
FIZR TACP TS IR A G A Aoy
0% _a<Cd)_Cd2
oxdt  ax\"d¢) " azez

Substituting the derivative into the Pdes equations we get:
—V'+(c? —ec)u"+ 20w +VHu=0
u+(c?—ec)v' +20w?+VvHv=0 (53)

To solve the system of ordinary differential equations (ODEs) using power series solutions, we
express u(¢) and v(¢) as [26]:

[ee]

u(®) = Tiloané™, W (§) = Ty anné™ L u"(§) = X, apn(n — 1§ (54)

n=2

V(E) = Bo bpd™ v/ (§) = By byn ™0 (€) = X byn(n — 1)§n2 (55)

where a, and b, are the coefficients to be determined.
Substitute the power series and their derivatives into the ODEs and simplify we have:

= Xm=obmii(m+ 1EM + (c? — €c Lo Qs (M + 1)EM +20) [(Xm=o amé™)* +
Er=0bm&™?1Em=0 amé™) = 0

Sim=0 A1 ( + DE™ + (c? = €€ T3 oo bmaa(m + 1DE™ + 20) [(Erco amé™)? +
(=0 bmé™ Cim=o bmé™) = 0

For m = 0 we have

__ bi—20(ad+ag+bd]

a a;—20[b3+a3bo|
2~ 2(c2-ec) >

2(c%-€c)

b, = (56)
After expanding and simplifying we get

m

1=0(Z;10 %t _j) am‘l) *

(ZZO (b —)) am_l)) (57)

by (M4 1) + (2 = Oappey(m +2)(m+ 1) + 20 ((Z
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m

1:()(211'10 ajq —j) bm_1> +

(ZZO(Zjbjbl ) bm_l>> (58)

Gpay(m 4+ 1) + (2 = Obypay(m + 2)(m +1) + 20 ((Z

Generally, for m = 0 we can have

_ bms1 + 20 Zm Zl N
Gmiz = (m+2)(c2—ec) (m+1D(m+2)(c?—ec) 1204 j=o &A1 Am_,

<ZZOZ;=O bjbl—fam_l) (59)

b _ Tm+1 + 20 Zm Zl b N
M2 = (m+2)(c? —ec) | (m+ Dm + 2)(c? — e0) \Lujeg Lujmg 7 m

(Z;Z:Objb ”’”’”-'> (60)

For m =1:
__ b 20 2 2
4 =30 T e (3aga + bga, +2bybya,) (61)

by = 55t + soaey (@bb, +2aasb, +2b3b) (62)
Form=2:
as = 4(62;6) 12(6220_“) (3azai?aypa? + aay + 3b3a, + 2byb,a, + 2bybya, + b%a,) (63)
b, = —2 20

4(c2—ec)  12(c%2-€°)
(a2b? + 2aga,by + 2a4a,by + a?,byrbib, + 2byb? + 2byb,by + bib,) (64)

Then the power series solution of the equation can be written as
F (&) = ao(®) + ai(&) + axd) + az(d) + am2(d) (65)
G(D) = bo(D) + b1(Q) + b2 + b3(D) + bya(E) (66)

2(c2%—ec) 3(c2-ec)  6(c2—ec)

F(f)=ao(5)+al(€)+(w)52+< 2+ 2% (3a3ay + bay +

14 20
2b0b1a0)> &3+ (4(C2iec) + Seieo (3aZa, + 2apa? + a?aq + 3bZa, + 2bybia, +2byb,ay +

m m
2 4 bm+1 20 l ) _:a l ] _
bia) )f * <(m+2)(c2—ec) + (m+1)(m+2) (21:0 Z1‘=o aja; —j m-y + leo Zj=o bjby

jam_1)> gm2 (67)
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a1—20'(b3 +ag bo)
2(c%2-e€c)

6(6) = () + by (©) — ( )6 (2 (a3, + 2apa, by + bia; +

3(c2-€c) 6(c2 —€c)

4(c2—ec)  12(c2%-ec)
2 4 Um+1 20 m l _ b
Zbobabo + blbo) )f * ((m+z)(c2-ea) Ry (leo Zj=0 aja —jmoq +
m 1 ) +2
D Siabib —jbm_1)> & (68)
Then the power series solution of the equation is
(o8] ©o
Y= anf™+i ) b
m=0 m=0

Y = (ap(®) +a,(8) + (M) &+ (b_2+ _(3‘10‘11 +bga, + 2b0b1a0)) &+

2b2b, + 2b§b1)) &3+ ( 9 420 (a%;b2 + 2a0ayp, + 2a0sbo + aby + biay + 2bob? +

2(c2—-€c) 3(c2-tc)  6(c%-ec)

b
(3(cliec) + 12(C2 o Baga, + 2apaf + atay + 3bga, + 2bybyay + 2bob,ay + b ao)) &4t

bmyq _ : m+2
((m+2)(CZ—EC) (m+1)(n+2)(c2—ec) <Zl -0 Z] 0 ] Im 1+ Z OZ] =0 b; bl ]bm—1> f ) +

a120(b3+abo| a
i(bo(§) + by (&) — (ﬁ) &+ (3(c2355) + b(cz EC) (a3by + 2apa;by + bgby + 2b§ bo)) &3+
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Finally, substitute & = x + ct into the series.

5.  RESULT AND DISCUSSION

Employing the proposed method to tackle the New Hamiltonian Amplitude Nonlinear Schr odinger
Equation (HNLS) unlocks significant advantages in our methodology, offering a robust framework for deriving
precise solutions to this complex equation. This approach shines in its capability to yield accurate solutions for
the HNLS equation, particularly in specific scenarios where traditional methods may falter.

The crux of our method involves transforming the intricate HNLS equation into a more comprehensible
form, thereby unveiling profound insights into the behavior of nonlinear waves across a range of systems. By
doing so, we can distill the essence of the HNLS equation, revealing the underlying dynamics that govern the
evolution of nonlinear waves.

One of the key benefits of our approach is its ability to capture soliton solutions, which characterize
steadfast, localized waveforms that retain their structure as they propagate. These solutions provide a window
into the delicate interplay between nonlinear self-interactions and dispersive effects, thereby enriching our
comprehension of how nonlinearities ultimately influence the dynamics of waves.

The significance of soliton solutions cannot be overstated, as they play a critical role in understanding
various phenomena in physics, including optical fibers, Bose-Einstein condensates, and ocean waves. By
deriving precise soliton solutions to the HNLS equation, we can gain valuable insights into the behavior of
these nonlinear systems, ultimately informing the development of novel technologies and applications.

Furthermore, our method offers a flexible framework for exploring the rich dynamics of the HNLS
equation. By systematically analyzing the solutions obtained through our approach, we can uncover novel
patterns and structures that may have eluded traditional methods. This, in turn, can lead to new avenues of
research, as we continue to push the boundaries of our understanding of nonlinear wave dynamics.
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Finally, we successfully obtained the particular solution of the model by employing the power series
method, which enabled us to derive an accurate and reliable solution, providing valuable insights into the

behavior of the system under consideration.

Physical Visualization:
The behavior of these solutions is elucidated through 3D visualizations in the figures below.

Figure 1. below shows the behavior of kerr law non linearity for the values of
e=—5w=3k=-5C=10=20=m

Figure 2. below shows the behavior of Quadratic law non linearity for the values of e =1, w =
2k=5C=050=20m=30=

Figure 3. below shows the behavior of Parabolic law non linearity for the values of
e=1lw=5k=5C=50c=20,=3,0=m.

S P
= —

Rt

R S ———

R

(a) (b)

Figure 1. The sketch is the dynamic behavior of solution of kerr law non linearity for different
values of free parameters in the space interval [—10 <x < 10] and time interval [—5 <7< 5]
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Figure 2. The sketch is the dynamic behavior of solutions of Quadratic cubic non linearity for different
values of free parameters in the space interval [—10 <x <10] and time interval [—5 <¢ <5]
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Figure 3. The sketch is the dynamic behavior of solutions of Parabolic law non linearity in the
space interval [—10 <x < 10] and time interval [5 <7 < 5]

6. CONCLUSIONS AND LIMITATION
In conclusion, this research has successfully employed the Riccati-Bernoulli Sub ODE method to derive
exact soliton solutions to the Hamiltonian Nonlinear Schr’odinger Equation (HNLS), thereby providing a
comprehensive understanding of optical soliton dynamics in nonlinear media. The solutions obtained have
shed light on the oscillatory behavior, exponential growth or decay, rapid growth or decay, and algebraic
decay or growth of optical pulses in various nonlinear regimes. The findings of this research significantly
contribute to the field, offering valuable insights into the intricate complexities of nonlinear wave phenomena.
As we continue to navigate the complexities of nonlinear wave phenomena, the insights gleaned from this
research will undoubtedly serve as a beacon, illuminating the path forward.
e  The research focuses on a specific model (HNLS) and may not be generalizable to other models or
nonlinear media.
e  The solutions obtained are exact soliton solutions, which may not capture the full complexity of optical
pulse propagation in nonlinear media.
e  The research may not account for experimental imperfections or noise that can affect optical pulse
propaga- tion.

Future direction of research

e Investigating the applicability of the Riccati-Bernoulli Sub ODE method to other nonlinear models or
equa- tions.

o  Exploring the effects of experimental imperfections or noise on optical pulse propagation in nonlinear
media.

e Apply numerical methods to simulate optical pulse propagation in nonlinear media, complementing the
exact solutions obtained in this research.

e Investigating the potential applications of the obtained soliton solutions in optical communication
systems and devices.
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