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ABSTRACT 
 

Nonlinear Schrödinger (NLS) equation has been widely studied, and it has been appeared in tremendous 

amount of papers. NLS equation models a wave packet travelling in dispersive and nonlinear media. In 

this paper, a higher order NLS equation is discussed. The solution, which is complex wave envelope, is 

investigated numerically for narrow and broad envelope. Broader envelope shows deformation during 

the evolution, while narrow envelope does not. Another finding is that the fifth order nonlinearity does 

not contribute significantly to the envelope deformation. Hence, working with higher order will take 

much effort but insignificant results. 
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1 Introduction 

Nonlinear Schrödinger (NLS) equation has been widely studied, and it has been appeared 

in tremendous amount of papers, from theory to applications. Among others are [1, 2, 3, 4]. For 

application in quantum mechanics, NLS type of equations were discussed in [5, 6], and in [7, 

8] NLS type of equations were used to study Bose-Einstein condensate theory. For application 

in photonics, that is a study of light or photon generation and the manipulation of light and 

photon generation, NLS equation can be found in [9] or more recently [10]. NLS equation also 

appeared to study plasma, one of the four fundamental states of matter (solid, liquid, gas and 

plasma), [11, 12]. NLS equation also has been applied in the study of molecular dynamics, that 

is a study of the motion of atoms, molecules and for particle accelerator [13, 14], including for 

bio-molecule dynamics [15, 16]. Applications in semiconductor electronics have been 

discussed by Brezzi and Markowich [17], and Lopez and Soler [18].  

From mathematical point of view and theoretical wave, NLS equation is the evolution of 

a wave group where the waves are dispersive and nonlinear. A simple model of dispersive and 

nonlinear wave is in the form of Korteweg-de Vries (KdV) equation [19]. An elegant derivation 

by applying Hamiltonian system was presented in [20]. A KdV type by applying exact 
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dispersion relation has been discussed in [21]. For more general dispersion and second order 

nonlinearity, a derivation has been presented in [22] which resulted in a KdV type of equation 

represented in a pseudo derivative for dispersive term and pseudo nonlinear for the second order 

nonlinear term. The relation between KdV equation and NLS equation has been discussed in 

[22, 23]. It is related with the so-called side band interactions [22, 23, 24], especially the third 

order interaction and higher interactions. 

This paper is intended to investigate the effect of the nonlinearity of NLS, both the third 

order and the fifth order nonlinearity independently as well as altogether. It is also to understand 

the relation of the effect with the solution properties of dispersive and nonlinear equation and/or 

the phenomena of dispersive and nonlinear wave. This paper is a continuation of [24]. 

 

2 Dispersive Equation and Linear Envelope Equation   

A well-known dispersive and nonlinear equation is the KdV equation [19]. In the standard 

form, KdV equation may be found in many standard text books on water wave theory [25, 26]. 

This paper considers a more general dispersive and nonlinear equation in the form 

 0)(  xxt buuuiiu  (1) 

where 
k

k
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tanh
)(   which is called exact dispersion relation. Equation (1) has appeared 

in several papers such as [24, 27, 28], after it was introduced in [21] and re-derived in [22]. 

Approximating up to third order of k , 3

6

1
)( kkk  . Applying this approximate dispersion 

relation and 
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b , (1) becomes 
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Linear part of (1) is merely dispersion equation dispersive and nonlinear equation in the form 

 0)(  uiiu xt  (3) 

Let )))((exp( tkkxi   satisfies (3), hence, the exact dispersion relation is satisfied for 

any k . The sum for any k  is also satisfies (3)  

 ..)))((exp()(),( ccdktkkxikatxu    (4) 

where ..cc  stands for complex conjugate. Writing  
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eqn (4) can be written in the form 

 ..)))((exp(),(),( cctkxkitxAtxu   (6) 

Often, )))((exp( tkxki   is called as complex carrying wave and ),( txA  is the corresponding 

complex envelope. Figure 1 illustrates the (carrying) wave and its corresponding envelope. 
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FIGURE 1. A (carrying) wave and its corresponding envelope. 

 

Applying transformation t  and tkx )(' , A  of eqn (5) satisfies 

 0)(1  AiiA   (7) 

where  )(')()()(1 kkk  . Often, 2
1 )(''

2

1
)(  k . For this 

approximation, (6) becomes 

 0  AiA  (8) 

where )(''
2

1
k . Eqn (8) is the linear part of the well-known NLS equation. 

 

3 Qubic Quintic NLS Equation 

A standard Nonlinear Schrödinger (NLS) equation is in third order nonlinearity.  A 

higher order NLS equation usually in third order and fifth order nonlinearity. For derivation of 

NLS equation, one may read [1], or [22, 23] for a more general dispersion relation. Consider a 

higher order NLS equation in the form 

 0
4

2
2

1  AAiAAiAiA    (9) 

where  , 1  and 2  are constant. 

In this section, numerical solutions are sought. Direct Euler method has been applied for 

the derivative of time, and central difference has been applied for second order of space. For 

the need of numerical computation, pseudo boundary condition is considered, where the 

boundary is approximated with a quadratic function by applying three nearest points (inside the 

domain) to the boundary as illustrated in Figure 2. Spatial grid has been set to be 0.1, and the 

time set has been 0.01. The initial condition is 

 ))(exp()( 2cbaf    (10) 

where a , b  and c are constant. For all computation, 75.0a  and 50c . 
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FIGURE 2. A quadratic approximation of the boundary by applying three nearest points. 

 

Figure 3 shows the evolution of complex amplitude A  for various value of b . Parameter 

b  related to the narrowness of the complex envelope A . The larger b , the narrower A . On the 

other hand, the narrowness of complex envelope is related to the narrowness of complex wave 

spectrum, see [22, 23]. On the opposite, the narrower complex envelope, the broader the 

complex wave spectrum. Figure 3 shows that the broader complex envelope develops 

deformation during the evolution, figure (a). On the other hand, the narrow complex envelopes 

do not develop deformation, figure (b), (c) and (d). This finding has a good agreement with 

previous experiment, and simulation of surface water waves such as reported in [29. 30, 31, 32]. 

    
(a) 003.0b  (b) 005.0b  

 36  

(c) 007.0b  (d) 009.0b  

FIGURE 3. Evolution of complex envelope A  at 0 t1=0 (blue) , 75.1  (green) , 25.2  

(red). 
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Figure 4 shows the effect of nonlinearity to the evolution of broad complex envelope A . 

The plots are for 0  and 25.2  to show the nonlinear contribution after interval of time 

of evolution. Without the nonlinearity, it is hardly to see the envelope deformation. While the 

effect of nonlinearity is very recognizable, although it is still difficult to observe the significant 

the effect of the fifth order nonlinearity (compare red from green).  

 
FIGURE 4. Contribution on nonlinearity. 75.1 and 25.2 . Initial condition (blue), 

linear (black), 2nd order (green), 3rd order (red). 

 

 

4 Conslusion and Future Research 

This paper discussed complex carrying wave which was a solution of dispersive and 

nonlinear equation, and the corresponding complex envelope which satisfies NLS equation. 

The solutions of NLS equation were obtained numerically, and they were graphically presented 

for narrow and broad envelopes. It was observed that broad complex envelope developed 

deformation during the evolution, but the narrow one did not. And, this agrees with the previous 

finding for corresponding complex carrying wave, numerically as well as experimentally. 

Nonlinearity contribution to the solution, or envelope deformation was clearly observed 

for broader complex envelope. However, it was still difficult to separate the fifth order 

contribution together from the third order one. It indicates that the fifth order contribution is 

very small. Hence, working with third order contribution is more desirable than with higher 

order. It is because the simplicity, and there is no much different of the results from the higher 

order equation. 

It is noted that the third order nonlinearity of NLS equation obtained from dispersive and 

second order nonlinearity equation. There is possibility that the third order nonlinearity of the 

dispersive and nonlinear equation significantly contributes to the third order nonlinearity of 

NLS equation. Future research will be focused on dispersive and third order nonlinear wave 

equation and the relation to NLS equation. 
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