
J. Ris. & Ap. Mat. Vol. 06 No. 02 (2022) pp. 105-116 

Jurnal Riset dan Aplikasi Matematika 

e-ISSN: 2581-0154 

URL: journal.unesa.ac.id/index.php/jram 

 

 
        2020 Mathematics Subject Classification: 91G70 

Tanggal Masuk: 25-07-22; diterima:28-10-22 

 

105 

 

RISK MEASUREMENT USING EXTENDED GINI 

SHORTFALL WHILE CONSIDERING RISK-AVERSION 

PARAMETER  
 

 

ELVINA VANIA
1, MILA NOVITA

1*, SITI NURROHMAH
1 

 
1Department of Mathematics, Faculty of Mathematics and Natural Sciences (FMIPA), Universitas Indonesia, 

Depok 16424, Indonesia 

 

* mila.novita@sci.ui.ac.id 

 

ABSTRACT 
 

Risk is an uncertainty that may occur in the future and cause a loss. To minimize the loss, a risk measure 

is needed to predict future losses. Corrado Gini (1912) invented a risk measure known as Gini Shortfall 

(GS). GS is coherent and provide information about variability of the distribution tail. However, GS 

generalizes that everyone has the same tendency to take risks, when in reality they do not. Therefore, 

Yitzhaki (1983) developed GS into Extended Gini Shortfall (EGS). EGS is a generalization of GS by 

taking risk-aversion into consideration. Risk-aversion is a tendency to take minimum risk. EGS is a 

coherent risk measure under certain conditions and can calculate average severity and variability of 

losses in the distribution tail with Tail Extended Gini functional, a variability measure based on the 

Extended Gini functional. Furthermore, the explicit formula of EGS for exponential, Pareto, and logistic 

distributions and the example of EGS calculation are presented. This calculation uses monthly loss of 

PT Unilever Indonesia Tbk stock from November 2010 to November 2020. Assuming a constant risk-

aversion parameter, EGS tends to increase with the increasing prudence level. Meanwhile, with a 

constant prudence level, EGS tends to decrease with the increasing risk-aversion parameter. 
 

Key Words: Extended Gini functional; loss; Tail Extended Gini functional; variability. 

 

 

1 Introduction  

According to Open Compliance and Ethics Group (OCEG), risk is a measure that 

represents the negative effect of uncertainty when achieving an objective. The risk could be 

tend into loss and can lead to bankruptcy. Companies, mainly the ones in the financial industry, 

need a good and reliable risk measure to quantify the risks they face so they can mitigate and 

manage the risk. 

Some common used risk measures are Value-at-Risk (VaR) and Expected Shortfall (ES). 

VaR is defined as the quantile of a particular loss distribution and can be interpreted as the 

lower bound for a percentage of the biggest loss, while ES is defined as the expectation of a 

loss given that the loss surpasses the VaR. ES is said to be a better risk measure than VaR 

because it provides information on the severity of loss on the distribution tail. However, ES still 

has deficiency that is it failed to explain about the variability of losses on the distribution tail. 

Some well-known variability measures are variance and standard deviation. 

Unfortunately, variance does not represent the actual distance from an observation to the data 

mean because it uses a quadratic function in calculation and the standard deviation still does 

not fully nullify this distortion effect. Therefore, Corrado Gini (1912) introduced a new 

http://www.jram.com/
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variability measure called the Gini functional which uses the absolute value concept instead of 

the quadratic function used in variance. However, the Gini functional still also have deficiency 

that is generalizes that everyone has the same tendency to take risks, when in reality they do 

not. 

The tendency when face uncertainty like risk is called risk-attitude, which is a thought 

selected by a person in relation to uncertainties that may cause the effects of positive or negative 

to the objective. Risk-attitude itself is divided into three types, namely, risk-averse, risk-neutral, 

and risk-seeking. Risk-averse is the attitude of investors who tend to feel uncomfortable with 

the uncertainty and prefer less profitable but less risky options. Meanwhile, risk-neutral is the 

attitude of investors who are quite accepting the risks, but will not want to take more risks to 

try to get higher return rate. Last type is risk-seeking attitude which is the attitude of investors 

who dare to take high risks in the hope of also getting a high return rate.  

This risk-attitude is very necessary to be considered because a company's risk-attitude 

will affect the general approach about how the company identifies, analyzes, evaluates, and 

address the risks faced. Extended Gini Shortfall (EGS) is a coherent risk measure instrument 

based on variability measurement with Extended Gini functional that taking risk-averse into 

consideration. 

 

2 Materials and Method  

2.1 Variability Measures 
 Variability of the data is the size of data deviation in a distribution. The value of data 

variability will affect the calculation of risk reserves for a company. Therefore, data variability 

measuring instrument is required. The variability measurement will represent how data deviates 

or differs from other data. A variability measure is a function 𝑣 that, for random variables 𝑋 

and 𝑌, may fulfill these properties [1]: 

a. Standardization: 𝑣(𝑐) = 0 for all 𝑐 ∈ 𝑅. 

The variability of a constant is always zero. 

b. Location Invariance: 𝑣(𝑋 − 𝑐)=𝑣(𝑋) for all 𝑐 ∈ 𝑅. 

Adding or subtracting a constant to all possible values of 𝑋 will not affect its variability. 

c. Positive Homogeneity: 𝑣(𝜆𝑋) = 𝜆𝑣(𝑋) for all 𝜆 > 0. 

Multiplying all possible values of 𝑋 by 𝜆 also multiplies its variability by 𝜆. 

d. Sub-additivity: 𝑣(𝑋 + 𝑌) ≤ 𝑣(𝑋) + 𝑣(𝑌). 
The variability of the sum of two random variables is not greater than the sum of 

variabilities of each individual random variable. 

 

2.1.1 Variance and Standard Deviation 

 

Variability measures that usually used are variance and standard deviation, which can be 

defined as [2]: 

 Var(𝑋) = 𝐸[(𝑋 − 𝐸[𝑋])2 
= 𝐸[𝑋2] − (𝐸[𝑋])2 

 

(1) 

and 

                         σ𝑋 = √Var(𝑋). (2) 

However, variance is still use quadratic function that make data which are far from the 

mean contribute more to the variance disproportionally and may cause some problems. Also, 

variance is not a coherent variability measure because it does not fulfill positive-homogeneity 

and sub-additivity [1]. Standard deviation is a coherent variability measure [1] and already use 

root to minimize the effect of quadratic form in variance, but it does not rectify the problem 

either. 
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Gini Functional and Tail-Gini Functional 

In 1912, Corrado Gini said that variability of any random variable should not be based on 

the center of the corresponding distribution. Thus, he noted an alternative variability measure 

called Gini functional, defined as [1]: 

 Gini(𝑋) = 4Cov[𝑋, 𝑈𝑋] (3)  

or 

 Gini(𝑋) = 𝐸[|𝑋∗ − 𝑋∗∗|]. (4) 

where 𝑋∗  and 𝑋∗∗  are two independent and identically distributed (i.i.d.) random 

variables with the same pdf as 𝑋, 𝑓𝑋(𝑥). Gini functional is a coherent risk-measure because it 

fulfills the fourth criteria [1]. 

Gini functional is a general variability measure for a random variable. However, it is 

important to have a variability measure that focused on the distribution tail. The reason is 

because it is vital in risk management to minimize probability of big losses that may happen in 

the future. Therefore, there exist Tail-Gini functional that is a tail variability measure based on 

Gini functional. With prudence level 𝑝 ∈ [0,1), Tail-Gini functional is defined as [1]: 

 TGini𝑝(𝑋) = 𝐸[|𝑋∗ − 𝑋∗∗| | 𝑋∗ > 𝜋𝑝,  𝑋∗∗ > 𝜋𝑝]. (5) 

Tail-Gini functional is not a coherent variability measure because it fails to satisfy sub-

additivity [1]. 

 

2.2 Risk Measures 
 Besides variability measure, there is risk measurement as a function 𝜌(𝑋) that maps the 

loss random variable 𝑋 to the set of real numbers [3]. 𝜌(𝑋) is used to quantify risk and can be 

interpret as amount or reserve that company needs to protect their company from risks that may 

cause harm in the future. Consider the set of random variables such that 𝑋  and 𝑌  are two 

numbers of the set, then 𝑐𝑋 with 𝑐 are the constant that bigger than zero and 𝑋 + 𝑌 are also in 

the set. A risk measure 𝜌(𝑋) is said to be coherent if it fulfills these criteria for any random 

variables 𝑋 and 𝑌 [4]: 

a. Sub-additivity: 𝜌(𝑋 + 𝑌) ≤ 𝜌(𝑋) + 𝜌(𝑌). 
The risk measure for the sum of two losses is not greater than the sum of risks of each 

individual loss. For example, smaller companies can do a merger without the worry of 

facing a greater risk. Other applications is for stock investing, portfolio diversification 

(investing in more than one particular stock) will decrease the risk an investor faces. 

b. Monotonicity: If 𝑋 ≤ 𝑌 for all possible outcomes, then 𝜌(𝑋) ≤ 𝜌(𝑌). 

If a loss random variable always has greater losses than the other, then it also always faces 

a greater risk. In applications, if two investors invest in the same stock, then the investor 

who invests more will face a greater risk than the other. 

c. Positive homogeneity: For any positive constant 𝑐, 𝜌(𝑐𝑋) = 𝑐𝜌(𝑋). 
If losses are multiplied by a constant  𝑐 , than the risk a company faces will also be 

multiplied by 𝑐. In applications, if an investor doubles his ownership in a particular stock, 

then the risk he faces is also doubled. 

d. Translation invariance: For any positive constant 𝑐, 𝜌(𝑋 + 𝑐) = 𝜌(𝑋) + 𝑐. 

There are no additional risk when add a risk-free investment. In applications, additional 

investments that are protected by hedging techniques are risk-free and will not cause 

additional risk. 

2.2.1 Value-at-Risk (VaR) and Expected Shortfall (ES) 

Common used risk measure are Value-at-Risk (VaR) and Expected Shortfall (ES), 

which can be defined as [1]: 
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 VaR𝑝(𝑋) = inf{𝑥 ∈ ℝ ∶ 𝐹𝑋(𝑥) ≥ 𝑝} (6) 

and 

 ES𝑝(𝑋) = 𝐸(𝑋|𝑋 > 𝜋𝑝) 

=
1

1 − 𝑝
∫ 𝑥𝑓(𝑥)𝑑𝑥.

∞

𝜋𝑝

 

 

(7) 

 
FIGURE 1.  Illustration of VaR and ES 

 

These two risks measure can be illustrated as in Figure 1. The grey area in Figure 1 is also 

called the distribution tail and defined as an area that is bigger than VaR. The average of the 

grey area is called ES. From this illustration, it can be seen that VaR just can perform the 

minimum value of the distribution tail, while ES can explain the average value of the 

distribution tail. Also, ES is a coherent risk measure, not like VaR that fail to fulfill sub-

additivity [5]. Therefore, it can be concluded that ES give a better overview of loss in the 

distribution tail. 

2.2.2 Gini Shortfall (GS) 

Unfortunately, ES failed to explain the variability in the tail distribution. The deficiency 

of ES is covered by Gini Shortfall (GS). GS is a risk measure that used a linear combination of 

ES as a tail central tendency measure and TGini as a tail variability measure. GS for a loss 

random variable 𝑋 with prudence level 𝑝 ∈ (0,1) is defined as [1]: 

 GS𝑝
𝜆(𝑋) = ES𝑝(𝑋) + 𝜆 TGini𝑝(𝑋), (8) 

where 𝜆 ≥ 0 is the loading parameter that explain the proportion of TGini in GS. GS is coherent 

risk measure and can provide information about variability of the distribution tail. However, 

GS generalizes that everyone has the same tendency to take risks, when in reality they do not. 

 

2.3 Risk Attitude 
 The tendency or chosen response when face a risk is called risk attitude [6]. There are 

three types of risk attitude that can be illustrated as in Figure 1. First is risk-averse, the type of 

people that will choose the one with the minimum risk although the benefit will also become 

less. The second type is risk-neutral, the type of people that will choose something based on the 

expected benefit they will get. Last is risk-loving, the type of people who will have tendency to 

choose the one with the most risk with the hope of getting more benefit. Risk attitude can be 

represented with parameter 𝑟. The greater the parameter 𝑟, the more risk-averse someone will 

be [7]. 
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FIGURE 2.  Risk Attitude Spectrum 

 

2.4 Extended Gini functional 
In 1983, Yitzhaki proposed a new variability measure that taking risk-aversion into 

consideration, known as Extended Gini functional. For a random variable 𝑋, the Extended Gini 

functional is defined as [7]: 

 EGini𝑟(𝑋) = −2𝑟Cov [𝑋, (1 − 𝐹𝑋(𝑋))
𝑟−1

], 𝑟 > 1, (9) 

where 𝑟 is the risk-aversion parameter. Definition (9) can also be represented in single integral 

form as: 

 
EGini𝑟(𝑋) = 2 ∫ 𝐹𝑋

−1(𝑢)(1 + 𝑔𝑟(𝑢))𝑑𝑢
1

0

. (10) 

Extended Gini functional is a coherent variability measure since it satisfies standardization, 

location invariance, positive homogeneity, and sub-additivity [7]. 

 

2.5 Tail Extended Gini functional 
Extended Gini functional is a general measure of variability for a random variable while 

considering risk-aversion parameter. As previously mentioned, it is important to have 

variability measure that have focused on the tail distribution. Therefore, there is a tail variability 

measure based on the Extended Gini functional, called Tail Extended Gini functional. For a 

random variable 𝑋 at the 100𝑝% level, Tail Extended Gini functional can be defined as [7]: 

 
TEGini𝑟,𝑝(𝑋) =

−2𝑟

1 − 𝑝
Cov [𝑋, (1 − 𝐹𝑋(𝑋))

𝑟−1
|𝑋 > 𝑥𝑝] , 𝑟 > 1, 𝑝

∈ [0,1]. 
(11) 

Definition (11) can also be represented in single integral form as: 

 
TEGini𝑟,𝑝(𝑋) =

2

(1 − 𝑝)2
∫ 𝐹𝑋

−1(𝑢)(−𝑟(1 − 𝑢)𝑟−1
1

𝑝

+ (1 − 𝑝)𝑟−1)𝑑𝑢. 
(12) 

When 𝑝 = 0, then TEGini𝑟,0(𝑋) is the same measure as TGini𝑟(𝑋). Also, when 𝑟 = 2, then 

TEGini2,𝑝(𝑋) is the same measure as TGini𝑝(𝑋).  

Tail Extended Gini functional satisfies standardization, location invariance, and positive 

homogeneity, but fails to satisfy sub-additivity. In other words, there exists at least a pair of 

random variables 𝑋  and 𝑌  or a risk-aversion parameter 𝑟  such that TEGini𝑟,𝑝(𝑋 + 𝑌) >

TEGini𝑟,𝑝(𝑋) + TEGini𝑟,𝑝(𝑌). As a result, Tail Extended Gni functional is not a coherent 

variability measure. 



 ELVINA VANIA, MILA NOVITA1, & SITI NURROHMAH 110 

 

2.6 Extended Gini Shortfall (EGS) 
As previously stated, Gini Shortfall (GS) is said to be more comprehensive risk measure 

than VaR and ES because it provides information on the average severity and the variability in 

the distribution tail. However, GS generalizes that everyone’s risk-attitude are same, when in 

reality they do not. Therefore, there is a generalized form of GS that taking risk-aversion into 

consideration, known as Extended Gini Shortfall (EGS).  

EGS is a risk measure that combines the concepts of ES as a measure of average severity 

in the distribution tail and TEGini as a tail variability measure that consider riak-aversion 

parameter into a linear combination. The EGS for a loss random variable 𝑋 with prudence level 

𝑝 ∈ (0,1) is defined as [7]: 

 EGS𝑟,𝑝
𝜆 (𝑋) = ES𝑝(𝑋) + 𝜆 TEGini𝑟,𝑝(𝑋), (13) 

Where 𝜆 ≥ 0 is the loading parameter that explain the proportion of TEGini in EGS. Definition 

(13) can also be represented in single integral form as: 

 
EGS𝑟,𝑝

𝜆 (𝑋) = ∫ 𝐹𝑋
−1(𝑢)𝜙𝑟,𝑝

𝜆 (𝑢)𝑑𝑢
1

0

 (14) 

with 

 
𝜙𝑟,𝑝

𝜆 (𝑢) =
1

(1 − 𝑝)2
(1 − 𝑝

+ 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))I[𝑝,  1](𝑢) (15) 

where 𝑢 ∈ [0, 1] and 𝕀[𝑝,1](𝑢) is the indicator function of the interval [𝑝, 1]: 

 
𝕀[𝑝,1](𝑢) = {

1 , 𝑢 ≥ 𝑝
 0 , 𝑢 < 𝑝.

 (16) 

As previously stated, the Expected Shortfall (ES) is a coherent risk measure, but the Tail 

Extended Gini functional (TEGini) is not a coherent variability measure. Therefore, a large 

value of 𝜆 can affect the coherence of EGS because the TEGini will dominate the EGS, and 

thus the monotonicity and subadditivity of EGS will not hold. As a risk measure, EGS will 

always satisfy positive homogeneity and translation invariance for any 𝜆 . Meanwhile for 

monotonicity and sub-additivity, both criteria are only fulfilled when 𝜆 ∈ [0,  
1

2(𝑟−1)(1−𝑝)𝑟−2]. 

 

2.7 EGS Explicit Formula 
After discussed about the definition and the properties that EGS satisfied, the explicit 

formula of some continuous distribution will be derived. There are three types of distribution 

that commonly used for modelling loss on a portfolio that are exponential distribution, Pareto 

distribution, and logistic distribution. 

2.7.1 Exponential Distribution 

The first distribution is exponential distribution which can be used for loss that have 

positive value such as insurance claims. The explicit formula of this distribution will be derived 

with two methods from formula (13) and (14). The result will be compared in the end. Let 𝑋 

has the exponential distribution with the cdf [3]: 

 𝐹𝑋(𝑥) = 1 − 𝑒−
𝑥

𝜃. (17) 

From formula (17), the inverse of cdf could be derived, which is: 

 𝐹𝑋
−1(𝑥) = −𝜃 ln(1 − 𝑥). (18) 

The ES with prudence level 𝑝 for 𝑋 is: 

 ES𝑝(𝑋) = 𝜃[1 − ln(1 − 𝑝)]. (19) 
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For the first method, the TEGini formula is needed. Using formula (12), TEGini for 𝑋 

can be derived as: 

 
TEGini𝑟,𝑝(𝑋) =

2

(1 − 𝑝)2
∫ −𝜃 ln(1 − 𝑢) (−𝑟(1 − 𝑢)𝑟−1

1

𝑝

+ (1 − 𝑝)𝑟−1)𝑑𝑢. 

 

Skipping the integration steps, the result will be: 

 
TEGini𝑟,𝑝(𝑋) = 2𝜃(1 − 𝑝)𝑟−2 (1 −

1

𝑟
). (20) 

Furthermore, the linear combination of EGS can then be constructed: 

 EGS𝑟,𝑝
𝜆 (𝑋) = ES𝑝(𝑋) + 𝜆 TEGini𝑟,𝑝(𝑋) 

= 𝜃 [[1 − ln(1 − 𝑝)] + 2𝜆(1 − 𝑝)𝑟−2 (1 −
1

𝑟
)]. 

 

(21) 

For the second method, EGS for 𝑋 will be derived using the single integral form: 

EGS𝑟,𝑝
𝜆 (𝑋) = ∫ 𝐹𝑋

−1(𝑢)𝜙𝑟,𝑝
𝜆 (𝑢)𝑑𝑢

1

0

 

= ∫ 𝐹𝑋
−1(𝑢)

1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

 

= ∫ −𝜃 ln(1 − 𝑢)
1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

 

Skipping the integration steps, the result will be: 

 
EGS𝑟,𝑝

𝜆 (𝑋) = 𝜃 [[1 − ln(1 − 𝑝)] + 2𝜆(1 − 𝑝)𝑟−2 (1 −
1

𝑟
)]. (22) 

It can be seen from (21) and (22) that both methods produced the same explicit EGS formula 

for a loss random variable with exponential distribution. 

2.7.2 Pareto Distribution 

Pareto distribution can be used for loss that have positive value and have many extreme 

values. The explicit formula of this distribution will also be derived with two methods from 

formula (13) and (14). The result will be compared in the end. Let 𝑋 has the Pareto distribution 

with the parameters 𝛼 and 𝜃, then its cdf is [3]: 

 
𝐹𝑋(𝑥) = 𝐹𝑋(𝑥) = 1 − (

𝜃

𝑥
)

𝛼

, 𝑥 > 𝜃. (23) 

From formula (23), the inverse of cdf could be derived, which is: 

 
𝐹𝑋

−1(𝑥) =
𝜃

(1 − 𝑥)1 𝛼⁄
. (24) 

The ES with prudence level 𝑝 for 𝑋 is: 

 
ES𝑝(𝑋) =

𝛼𝜃(1 − 𝑝)−1/𝛼

𝛼 − 1
 , 𝛼 > 1. (25) 

For the first method, the TEGini formula is needed. Using formula (12), TEGini for 𝑋 

can be derived as: 

TEGini𝑟,𝑝(𝑋) =
2

(1 − 𝑝)2
∫

𝜃

(1 − 𝑢)1 𝛼⁄
(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1)𝑑𝑢

1

𝑝

. 

Skipping the integration steps, the result will be: 

 
TEGini𝑟,𝑝(𝑋) =

2𝛼𝜃

𝛼 − 1
(1 − 𝑝)𝑟−

1

𝛼
−2 (

𝑟 − 1

𝛼𝑟 − 1
). (26) 

Furthermore, the linear combination of EGS can then be constructed: 
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 EGS𝑟,𝑝
𝜆 (𝑋) = ES𝑝(𝑋) + 𝜆 TEGini𝑟,𝑝(𝑋) 

=
𝛼𝜃(1 − 𝑝)−1/𝛼

𝛼 − 1
[1 + 2𝜆(1 − 𝑝)𝑟−2 (

𝑟 − 1

𝛼𝑟 − 1
)]. (27) 

For the second method, EGS for 𝑋 will be derived using the single integral form: 

EGS𝑟,𝑝
𝜆 (𝑋) = ∫ 𝐹𝑋

−1(𝑢)𝜙𝑟,𝑝
𝜆 (𝑢)𝑑𝑢

1

0

 

= ∫ 𝐹𝑋
−1(𝑢)

1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

 

= ∫
𝜃

(1 − 𝑢)1 𝛼⁄

1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

. 

Skipping the integration steps, the result will be: 

 
EGS𝑟,𝑝

𝜆 (𝑋) =
𝛼𝜃(1 − 𝑝)−1/𝛼

𝛼 − 1
[1 + 2𝜆(1 − 𝑝)𝑟−2 (

𝑟 − 1

𝛼𝑟 − 1
)]. (28) 

It can be seen from (27) and (28) that both methods also produced the same explicit EGS 

formula for a loss random variable with Pareto distribution. 

2.7.3 Logistic Distribution 

The last distribution is logistic distribution which can be used for loss that have negative 

value such as stock price because the logistic distribution defined on all real numbers. The 

explicit formula of this distribution will also be derived with two methods from formula (13) 

and (14). The result will be compared in the end. Let 𝑋 has the logistic distribution with the 

parameters 𝜇 and 𝑠, then its cdf is [8]: 

 
𝐹𝑋(𝑥) =

1

1 + 𝑒−(𝑥−𝜇) 𝑠⁄
. (29) 

From formula (28), the inverse of cdf could be derived, which is: 

 𝐹𝑋
−1(𝑥) = 𝜇 + 𝑠 ln (

𝑥

1 − 𝑥
). (30) 

The ES with prudence level 𝑝 for 𝑋 is: 

 
ES𝑝(𝑋) = 𝜇 − 𝑠

𝑝 ln 𝑝 + (1 − 𝑝) ln(1 − 𝑝)

1 − 𝑝
. (31) 

For the first method, the TEGini formula is needed. Using formula (12), TEGini for 𝑋 can be 

derived as: 

TEGini𝑟,𝑝(𝑋) =
2

(1 − 𝑝)2
∫ (𝜇 + 𝑠 ln (

𝑢

1 − 𝑢
)) (−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1)𝑑𝑢

1

𝑝

. 

Skipping the integration steps, the result will be: 

 
TEGini𝑟,𝑝(𝑋) =

−2𝑠

(1 − 𝑝)2
[(1 − 𝑝)𝑟−1 [𝑝 ln 𝑝 +

1 − 𝑝

𝑟
]

+ 𝑟 lim
𝑎→1

[∫ (1 − 𝑢)𝑟−1ln𝑢 𝑑𝑢
𝑎

𝑝

]]. 

(32) 

Furthermore, the linear combination of EGS can then be constructed: 

 EGS𝑟,𝑝
𝜆 (𝑋) = ES𝑝(𝑋) + 𝜆 TEGini𝑟,𝑝(𝑋) 

= 𝜇

−
𝑠

(1 − 𝑝)
[𝑝 ln 𝑝 [1 + 2𝜆(1 − 𝑝)𝑟−2] + (1 − 𝑝) 𝑙𝑛(1 − 𝑝)

+
2𝜆(1 − 𝑝)𝑟−1

𝑟
+

2𝜆𝑟

1 − 𝑝
𝑙𝑖𝑚
𝑎→1

[∫ (1 − 𝑢)𝑟−1 𝑙𝑛 𝑢 𝑑𝑢
𝑎

𝑝

]]. 

 

 

 

(33) 
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For the second method, EGS for 𝑋 will be derived using the single integral form: 

EGS𝑟,𝑝
𝜆 (𝑋) = ∫ 𝐹𝑋

−1(𝑢)𝜙𝑟,𝑝
𝜆 (𝑢)𝑑𝑢

1

0

 

= ∫ 𝐹𝑋
−1(𝑢)

1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

 

= ∫ (𝜇 + 𝑠 ln (
𝑢

1 − 𝑢
))

1

(1 − 𝑝)2
(1 − 𝑝 + 2𝜆(−𝑟(1 − 𝑢)𝑟−1 + (1 − 𝑝)𝑟−1))𝑑𝑢

1

𝑝

 

Skipping the integration steps, the result will be: 

 EGS𝑟,𝑝
𝜆 (𝑋) = 𝜇

−
𝑠

(1 − 𝑝)
[𝑝 ln 𝑝 [1 + 2𝜆(1 − 𝑝)𝑟−2] + (1 − 𝑝) 𝑙𝑛(1 − 𝑝)

+
2𝜆(1 − 𝑝)𝑟−1

𝑟
+

2𝜆𝑟

1 − 𝑝
𝑙𝑖𝑚
𝑎→1

[∫ (1 − 𝑢)𝑟−1 𝑙𝑛 𝑢 𝑑𝑢
𝑎

𝑝

]]. 

 

 

(34) 

It can be seen from (33) and (34) that both methods also produced the same explicit EGS 

formula for a loss random variable with logistic distribution. 

 

 

3 Result and Discussion 

1.1 Data Description 

The data used for this simulation is the monthly closing price of PT Unilever Indonesia 

Tbk stock (code UNVR in Indonesia Stock Exchange) from November 2010 to November 

2020, or consists of 121 observations. These data is obtained from the website Investing.com. 

The monthly loss is then obtained by subtracting the previous month closing price from the 

observed month closing price. Therefore, positive result of loss indicates a decrement of 

monthly price and negative result of loss indicates an increment of monthly price. 

 

TABLE 1. Descriptive Statistics for UNVR Monthly Loss 

Descriptive Statistics Value 

Minimum -1,565.00 

Maximum 1,125.00 

Mean -35.00 

Median -30.00 

Skewness -0.33 

Variance 194,868.30 

Standard Deviation 441.44 

 

Based on Table 1, it can be seen that the mean and median are not far apart and the skewness 

is close to 0. Therefore, it indicates that this monthly loss data may have symmetric distribution. 

Also note that the maximum and minimum values of the data is quite far from the mean and 

median which might indicate that the distribution may be a heavy-tailed one. These properties 

are fulfilled by the logistic distribution, so a test needs to be done in order to check if the data 

actually follows logistic distribution. 

First, assume the data follows logistic distribution. The maximum likelihood method can 

determine the best fitted parameter for this data if it follows logistic distribution. These 

parameters are then used to do a Kolmogorov goodness-of-fit test to check if the above 

assumption is true and the data follows logistic distribution. With R version 3.5.2, it is 
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concluded that the data follows logistic distribution with parameters 𝜇̂ = −28.94046 and 𝑠̂ =
234.1633. 

1.2 Risk Measurement 

After determining the distribution that fits the data, the explicit formulas for logistic 

distribution obtained in the previous section can be used to calculate various variability and risk 

measures. Measurement will be done using a loading parameter, three different prudence levels, 

and five different risk-aversion parameters. The result of this calculation is summarized in Table 

2. 

 

TABLE 2. Risk Measurement Calculation 

Summary 

Measure 
Prudence Level 

90% 95% 99% 

VaR 485.57 660.54 1,047.07 

ES 732.28 900.76 1,282.41 

TEGini 

r=2 242.38 238.17 234.95 

r=3 32.46 15.91 3.13 

r=4 3.661 0.896 0.035 

r=5 0.39123 0.04783 0.00016 

r=6 0.04081 0.00249 0 

EGS 

r=2 792.88 960.30 1,341.15 

r=3 772.86 940.54 1,321.59 

r=4 762.80 930.63 1,311.62 

r=5 756.74 924.68 1,292.31 

r=6 752.69 920.69 1,282.41 

 

As seen on Figure 3, it is obvious that a higher prudence level used will result in higher VaR 

and ES values. This is because VaR represents the lower bound for the biggest 100(1−𝑝)% of 

losses while ES represents the average of those losses exceeding the VaR. The lower bound for 

1% of the biggest losses is of course greater than the lower bound for 10% of the biggest losses, 

and the same thing applies for the average of those big losses. 

 

  
(a) (b) 

FIGURE 3.  (a) VaR on Various Prudence Level and (b) ES on Various Prudence Level 

 

A different trend can be seen on the TEGini at Figure 4, where a higher prudence level results 

in a smaller value of TEGini. This is because the TEGini represents the variability in the biggest 

100(1−𝑝)% of losses. The variability for 1% of the biggest losses is obviously greater than the 

variability of 10% of the biggest losses. 
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(a) (b) 

FIGURE 4.  (a) TEGini on Various Prudence Level and (b) The detail of TEGini 

 

As an example, the numbers for the 90% prudence level and risk aversion parameter equals 

to 2 will be used. The value of VaR0.90(𝑋) is Rp485.57, which means for every 10 observed 

months, there may be 1 month in which the price of UNVR stocks decline by more than 

Rp485.57. In the other 9 months, it is predicted that price will not go down further than this 

number. ES0.90(𝑋) is the average of losses in months where losses exceed the VaR of Rp485.57. 

In this case, the average loss in those months is Rp732.28. Meanwhile, the value of 

TEGini2;0.90(𝑋) represents the average deviation of each loss in the distribution tail from the tail 

mean or the ES. On average, losses in the 90% distribution tail with risk aversion parameter 

equals to 2 deviates as much as Rp242.38 from the tail mean which is Rp732.28. 

 

 
FIGURE 5.  EGS on Various Risk-aversion Parameter and Various Prudence Level 

 

Besides that, we can see the tendency of EGS value from Figure 5. With assumption of a 

constant risk-aversion parameter, EGS tends to increase with the increasing prudence level. 

Meanwhile, with assumption of a constant prudence level, EGS tends to decrease with the 

increasing risk-aversion parameter. As an example, for prudence level 𝑝 = 99%  and risk 

aversion parameter 𝑟 = 2, the value of EGS is Rp792.88. It means investors or buyer of the 

UNVR stocks need to provide reserve of Rp792.88 for secure their asset from loss possibility 

in the future. 

 

4 Conclusion  

The Extended Gini Shortfall (EGS) is a more comprehensive risk measure compared to 

the VaR, ES, and GS because it takes into account the variability of losses in the distribution 

tail and takes risk-aversion parameter into consideration. This is due to the fact that EGS is 

constructed through a linear combination of the ES as a tail central tendency measure and the 

Tail Extended Gini functional as a tail variability measure that is considering the risk-aversion 
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parameter. EGS is also a coherent risk measure under certain conditions which might prove to 

be a useful property for companies and investors in making business and investing decisions. 

Explicit formulas of EGS for exponential, Pareto, and logistic distribution have been derived in 

this paper and can be used to calculate risks that follow the related distribution. The example 

of EGS calculation have also been presented in this paper and leads into some tendencies. 

Assuming a constant risk-aversion parameter, EGS tends to increase with the increasing 

prudence level. Meanwhile, with a constant prudence level, EGS tends to decrease with the 

increasing risk-aversion parameter. 

 

 

Acknowledgments 

Authors are thankful for assistance from colleagues in university, supervisor from the 

lecturer, and everyone that directly or indirectly help in the making of this paper. 

 

References 
[1] E. Furman, R. Wang and R. Zitikis, J. Bank. Finance 83, 70-84 (2017). (doi: 

10.1016/j.jbankfin.2017.06.013) 

[2] S. M. Ross, Introduction to Probability Models, 11th Edition (Academic Press, 

Massachusetts, 2014).  (ISBN 978-0-12-407948-9) 

[3] S. A. Klugman, H. H. Panjer and G. E. Willmot, Loss Models: From Data to Decisions, 

4th Edition (Wiley, New York, 2012). (ISBN 978-1 -118-31532-3) 

[4] P. Artzner, et al., Math Finance 9, 203-228 (1998). (doi: 10.1111/1467-9965.00068) 

[5] C. Acerbi and D. Tasche, J. Bank. Finance 26, 1487-1503 (2002). (doi: 10.1016/S0378-

4266(02)00283-2) 

[6] D. Hillson and R. Murray-Webster, Proceedings of 7th Annual Risk Conference, London, 

UK, 2004, Vol. 26. 

[7] M. Berkhouch, G. Lakhnati, and M. B. Righi, Appl. Math Finance 25, 295-314 (2018). 

(doi: 10.1080/1350486X.2018.1538806) 
 

 

 

 


